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Abstract
For a pair of coupled rectangular random matrices we consider the squared singular values
of their product, which form a determinantal point process. We show that the limiting mean
distribution of these squared singular values is described by the second component of the
solution to a vector equilibrium problem. This vector equilibrium problem is defined for three
measures with an upper constraint on the first measure and an external field on the second
measure. We carry out the steepest descent analysis for a 4 × 4 matrix-valued Riemann-
Hilbert problem, which characterizes the correlation kernel and is related to mixed type
multiple orthogonal polynomials associated with the modified Bessel functions. A careful
study of the vector equilibrium problem, combined with this asymptotic analysis, ultimately
leads to the aforementioned convergence result for the limiting mean distribution, an explicit
form of the associated spectral curve, as well as local Sine, Meijer-G and Airy universality
results for the squared singular values considered.
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1 Introduction
The studies of products of random matrices might be traced back to the work of Furstenberg
and Kesten [33] in the context of random Schro¨dinger operators [18] and statistical physics
relating to disordered and chaotic dynamical systems [20] in the 1960s. The emphasis at that
time was put on the statistical behavior of individual entries as the number of factors in the
product tends to infinity. The recent rapid developments, however, are focused on the eigenvalue
or singular value distributions, at various scales, as the sizes of the matrices tend to infinity
while the number of matrices in the product is kept fixed.
Among various progresses of this aspect, significant contributions are due to the works of
Akemann, Ipsen, Kieburg and Wei [3, 4], in which they showed that the squared singular val-
ues of products of independent complex Gaussian matrices (i.e., the matrices whose entries
are independent with a complex Gaussian distribution, also known as Ginibre random matri-
ces) form a determinantal point process over the positive real axis. The various local limits of
the correlation kernel then reveal an interesting mathematical structure behind the products of
independent random matrices, and various scaling limits can be predicted once one knows prop-
erties of the global distribution of the squared singular values [19]. On one hand, after proper
centering and scaling, the correlation kernel tends to the sine kernel for points in the bulk, and
to the Airy kernel for the right endpoint of the limiting spectrum [43], which obey the principle
of universality in random matrix theory [35]. One the other hand, a new family of kernels,
namely, the Meijer G-kernels, are found to describe the scaling limit of the correlation kernel
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near the origin [40]. The Meijer G-kernels generalize the classical Bessel kernel and represent a
new universality class in random matrix theory as evidenced by their later appearances in many
other random matrix models including Cauchy-chain matrix models [11, 14], products of Gini-
bre matrices with inverse ones [31], Muttalib-Borodin ensembles [17, 38], a matrix model with
Bures measure [32], etc. For more information about recent results for products of independent
random matrices, we refer to the review article [2] and references therein.
In view of these interesting results obtained for products of independent complex Gaussian
random matrices, a natural question to ask is how far such results remain valid, or yet if different
ones arise, if some of the conditions on the models are relaxed. One attempt towards this
direction is to drop the requirement of independence of the matrices in the product, as initiated
by Akemann and Strahov [7] and further explored by them and Liu [5, 6, 42]. Following [7, 42],
let us consider a coupled two-matrix model defined by the probability distribution
1
Ẑn
exp (−βTr(X1X∗1 +X∗2X2) + Tr(ΩX1X2 + (ΩX1X2)∗)) dX1 dX2, (1.1)
over pairs of rectangular complex matrices (X1, X2) of sizes L ×M and M × n respectively,
where the superscript ∗ stands for the Hermitian transpose, dX1 and dX2 are the flat complex
Lebesgue measures on the entries of X1 and X2, and Ẑn is a normalization constant. Here,
β > 0 and Ω is a fixed n× L complex matrix playing the role of coupling between X1 and X2,
which should satisfy
ΩΩ∗ < β2In (1.2)
to make sure the model is well defined, where In is the n× n identity matrix,. The interest lies
in the singular values of the product matrix
Ŷ := X1X2, (1.3)
where the matrices X1 and X2 are drawn from (1.1).
There are several motivations to study the product (1.3). First, if L = n and Ω is a
scalar matrix, the model (1.1) can be interpreted as the chiral two-matrix model [1, 50], which
was introduced in the context of quantum chromodynamics (QCD). In this case, an alternative
formulation of the model is the following (see [7, 42]). Let A and B be two independent matrices
of size n×M(M ≥ n) with independent and identically distributed standard complex Gaussian
entries. Define two random matrices
X1 :=
1√
2
(A− i√τB), X2 := 1√
2
(A∗ − i√τB∗), 0 < τ < 1. (1.4)
Then the pair (X1, X2) is distributed according to (1.1) with
L = n, β =
1 + τ
2τ
and Ω =
1− τ
2τ
In, (1.5)
and one can see τ as an interpolation parameter between a model for singular values of the
Ginibre matrix A (corresponding to τ = 0) and a correlated product (for τ > 0).
Also, in the context of QCD with a baryon chemical potential [50], the Dirac operator is
realized as a block matrix whose diagonal entries are null matrices and the off-diagonal entries
are matrices of the form (1.4). The singular values of Ŷ can be viewed as the correlations of
complex eigenvalues of the QCD dirac operator.
In addition, as observed in [7], the product of X1 and X2 defined in (1.4) provides a new
interpolating ensemble, in a sense extending (1.4)–(1.5) to a rectangular coupling matrix Ω. It
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interpolates between the classical Laguerre ensemble [45] (for τ = 0) and the product of two
independent Ginibre random matrices (for τ = 1).
A striking feature is that the squared singular values of Ŷ are distributed according to a
determinantal point process over the positive real axis [7, 42]. This determinantal point process
is a biorthogonal ensemble [17] with joint probability density function (see [42, Proposition 1.1])
1
Zn
det
[
Iκ(2αi
√
xj)
]n
i,j=1
det
[
x
ν+i−1
2
j Kν−κ+i−1(2β
√
xj)
]n
i,j=1
, (1.6)
with Iµ and Kν being the modified Bessel functions of first kind and second kind, respectively,
where
κ := L− n, ν := M − n, (1.7)
α1, . . . , αn are the singular values of the coupling matrix Ω and Zn is a normalization constant
explicitly known. The correlation kernel describing the point process (1.6) admits a double
contour integral representation, which can be used to establish various limits near the origin if
one further couples the αi’s and β on one parameter; see [6, 7, 42] for details. In particular, the
universal Meijer G-kernel also appears in one of these limits.
An interesting yet open question posed in [7] is to find the limiting mean distribution of
the singular values for Ŷ and the local limits of the correlation kernel beyond the origin. Due
to the missing of independence of the matrices, the challenge we encounter is the fact that the
approaches developed for the products of independent matrices are not applicable directly. The
main contribution of this paper to fully resolve this problem, and along the way obtain several
other asymptotic results when, in contrast with the mentioned previous works, the parameters
α and β are not coupled together.
2 Statement of results
2.1 The confluent case
We will focus on the confluent case that all the singular values of Ω are the same, i.e.,
αi → α > 0. (2.1)
In virtue of (1.2), we stress that
α < β, (2.2)
condition which is not a restriction but only ensures the model (1.1) is well defined. In addition,
it is assumed that
M ≥ L ≥ n,
so that
ν ≥ κ ≥ 0.
The condition M,L ≥ n assures us that, almost surely, X1 and X2 do not have 0 as a singular
value, and the case L < M can be handled by swapping the roles of X1 and X2.
Under the condition (2.1), the vector space spanned by the functions x 7→ Iκ(2αj
√
x),
j = 1, . . . , n, becomes the linear space spanned by
x 7→ ∂
j−1
∂yj−1
Iκ(2y
√
x)|y=α, j = 1, . . . , n.
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Using the recurrence relations (see [49, Equation 10.29.1])
Iµ−1(z)− Iµ+1(z) = 2µ
z
Iµ(z), Iµ−1(z) + Iµ+1(z) = 2I ′µ(z),
satisfied by the modified Bessel functions of the first kind, it is readily seen that the resulting
space is spanned by the functions x 7→ x j−12 Iκ+j−1(2α
√
x), j = 1, . . . , n. Thus, a further
algebraic calculation implies that the joint probability density function for the squared singular
values of Ŷ is given by
1
Zn
det
[
x
κ+j−1
2
k Iκ+j−1(2α
√
xk)
]n
j,k=1
det
[
x
ν−κ+j−1
2
k Kν−κ+j−1(2β
√
xk)
]n
j,k=1
, (2.3)
under the condition that the coupling matrix Ω has a single singular value α. For the case
κ = 0, this result was first obtained by Akemann and Strahov [7].
From general properties of biorthogonal ensembles [17], it is known that (2.3) is a determi-
nantal point process with correlation kernel
Kn(x, y) =
n−1∑
k=0
Qk(x)Pk(y), (2.4)
where for each k = 0, 1, . . ., Qk belongs to the linear span of x
κ+j
2 Iκ+j(2α
√
x), j = 0, . . . , k,
while Pk belongs to the linear span of x
ν−κ+j
2 Kν−κ+j(2β
√
x), j = 0, . . . , k, in such a way that∫ ∞
0
Qk(x)Pj(x) dx = δj,k,
with δj,k being the Kronecker delta.
This characterization of Kn will be the starting point of our work. To describe the large n
limit of the correlation kernel Kn, we introduce next a vector equilibrium problem.
2.2 A vector equilibrium problem
Given any two finite measures µ and ν on C, we denote by, as usual (cf. [53]),
I(µ, ν) =
∫∫
log
1
|x− y| dµ(x) dν(y)
their mutual logarithmic interaction, and by
I(µ) = I(µ, µ) =
∫∫
log
1
|x− y| dµ(x) dµ(y) (2.5)
the logarithmic energy of the measure µ.
The vector equilibrium problem relevant to the present work asks for minimizing the energy
functional
E(ν1, ν2, ν3) = I(ν1) + I(ν2) + I(ν3)− I(ν1, ν2)− I(ν2, ν3) + 2(β − α)
∫ √
x dν2(x), (2.6)
over the set M of admissible measures, which is defined to be the set of triples of measures
ν = (ν1, ν2, ν3) satisfying the following conditions.
(E1) All three measures ν1, ν2 and ν3 have finite logarithmic energy.
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(E2) ν1 is a measure on R− := (−∞, 0] with total mass 1/2, i.e., 2|ν1| = 1, and satisfies the
upper constraint
ν1 ≤ σ,
where σ is the absolutely continuous measure on R− with density
dσ
dx
(x) =
α
pi
√|x| , x < 0. (2.7)
(E3) ν2 is a measure on R+ := [0,∞) with total mass 1, i.e., |ν2| = 1,
(E4) ν3 is a measure on R− with total mass 1/2, i.e., 2|ν3| = 1.
At first sight, the exact form of E(·) and the conditions on the measures might look mys-
terious. In the Appendix A we present the calculations that led us to this exact form. Similar
vector equilibrium problems have appeared before in the literature [24, 28, 29, 36], and existence
and uniqueness of solution are known under very mild conditions [9, 34] which include ours.
Our first result concerns the structure of the minimizer of the above equilibrium problem.
Theorem 2.1. There exists a unique vector of measures µ = (µ1, µ2, µ3) ∈ M that minimizes
the energy functional (2.6) over M. In addition, the components µ1, µ2 and µ3 have the
following properties.
(a) The support of µ1 is the negative real axis, and
supp(σ − µ1) = (−∞,−q]
with
q =
α6 + β6 − 33α4β2 − 33α2β4 +
√
(α4 + 14α2β2 + β4)3
8α2β2 (β2 − α2)2 > 0. (2.8)
Furthermore, µ1 is absolutely continuous with respect to the Lebesgue measure and satisfies
dσ
dx
(x)− dµ1
dx
(x) = c1(−q − x) 12 (1 + o(1)), x→ (−q)−, (2.9)
for some positive constant c1.
(b) The support of µ2 is
suppµ2 = [0, p]
with
p =
−α6 − β6 + 33α4β2 + 33α2β4 +
√
(α4 + 14α2β2 + β4)3
8α2β2 (β2 − α2)2 . (2.10)
Furthermore, µ2 is absolutely continuous with respect to the Lebesgue measure on [0, p] and
dµ2
dx
(x) =
{
c2x
− 2
3 (1 + o(1)), x→ 0+,
c˜2(p− x) 12 (1 + o(1)), x→ p−,
(2.11)
for some positive constants c2 and c˜2.
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(c) The support of µ3 is the negative real axis and µ3 is absolutely continuous with respect to
the Lebesgue measure with density
dµ3
dx
(x) =
1
2pi
√|x|
∫ √
s
s− x dµ2(s). (2.12)
In particular,
dµ3
dx
(x) = c3|x|− 23 (1 + o(1)), x→ 0−, (2.13)
for some positive constant c3.
2.3 The spectral curve
One of the fundamental objects for a matrix model is its associated spectral curve that has
been explored for various other matrix models [10, 12, 13, 39, 48, 44]. To describe the spectral
curve for the model (1.3), denote by
Cµ(z) =
∫
dµ(x)
x− z , z ∈ C \ suppµ, (2.14)
the Cauchy transform of a measure µ, let µ = (µ1, µ2, µ3) be the unique minimizer given in
Theorem 2.1 and set
ξ1(z) = C
µ1(z) +
α√
z
, z ∈ C \ R−,
ξ2(z) = C
µ2(z)− Cµ1(z)− α√
z
, z ∈ C \ (−∞, p],
ξ3(z) = C
µ3(z)− Cµ2(z)− β√
z
, z ∈ C \ (−∞, p],
ξ4(z) = −Cµ3(z) + β√
z
, z ∈ C \ R−,
(2.15)
where the branch cut of the square root function
√
z is taken along the negative real axis. The
spectral curve for (1.3) takes the form of an algebraic equation and is given by our next theorem.
Theorem 2.2. The functions ξ1, ξ2, ξ3 and ξ4 are the four solutions to the algebraic equation
ξ4 − α
2 + β2
z
ξ2 +
α2 − β2
z2
ξ +
α2β2
z2
= 0, (2.16)
and (2.16) is parametrized by
(z, ξ) =
(
t
h(t)2
, h(t)
)
, t ∈ C,
where
h(t) =
t2 − (α2 + β2)t+ α2β2
β2 − α2 . (2.17)
Using the parametrization of (2.16), one can describe the densities of the components of µ.
For instance, the graph of the density of µ2 takes the form(
x,
dµ2
dx
(x)
)
=
(
t
h(t)2
, piih(t)
)
, t ∈ γ−2 ,
where γ−2 is a specific contour on C along which h becomes purely imaginary. We refer the
reader to Section 3.8 for details, in particular Figure 2 where γ−2 is evaluated numerically.
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2.4 Limiting mean distribution and hard edge scaling limit of the correlation
kernel
Our main result is the following theorem relating the large n limit of the correlation kernel
Kn(x, y) to the unique minimizer of the vector equilibrium problem introduced in Section 2.2.
Theorem 2.3. Let Kn(x, y) be the correlation kernel defined in (2.4) for the squared singular
values of Ŷ (1.3) in the confluent case. With ν and κ being fixed, we have
lim
n→∞nKn
(
n2x, n2x
)
=
dµ2
dx
(x), x > 0, (2.18)
where µ = (µ1, µ2, µ3) ∈ M is the unique minimizer of the energy functional (2.6) over M
stated in Theorem 2.1 and the limit above is uniform for x in any compact subset of (0,∞).
According to (2.11), the density of µ2 blows up at x = 0, so it does not make sense to talk
about the convergence (2.18) when x = 0. But, alternatively, the vector equilibrium problem
stated in Section 2.2 is directly related to the matrix model (1.3) in the way we now explain,
which then provides (2.18) also for x = 0 in a weaker sense.
Let us denote by y1, . . . , yn the squared singular values of the matrix Ŷ in (1.3) and set
Pn(z) = E
 n∏
j=1
(z − yj)
 ,
where the expectation is over the yj ’s with respect to the density in (2.3). That is, Pn is the
average characteristic polynomial for Ŷ ∗Ŷ . If we denote by x1, . . . , xn the zeros of Pn and
construct the sequence of zero counting measures
µ(Pn) =
1
n
n∑
j=1
δxj/n2
with δa being the Dirac delta measure with mass at a, then the sequence {µ(Pn)} converges
weakly to the second component µ2 of the minimizer given in Theorem 2.1. This claim follows
from the uniform convergence above, or also from the Riemann-Hilbert (shortly RH) asymptotic
analysis that we perform.
We next come to the hard edge scaling limit of the correlation kernel. As aforementioned, if
the parameters α and β are coupled in a specific way, it was shown in [7, 42] that the hard edge
scaling limit of Kn is given by the universal Meijer G-kernel, which in a format appropriate for
us takes the form [14, 40]
Kν1,ν2(x, y) =
∫ 1
0
G1,00,3
( −
0,−ν1,−ν2
∣∣∣ ux)G2,00,3( −ν1, ν2, 0
∣∣∣ uy) du, (2.19)
where Gm,np,q
(
a1,...,ap
b1,...,bq
∣∣∣ z) is the Meijer G-function (see (10.16) below for the definition). We
extend the results just mentioned to any fixed α and β.
Theorem 2.4. Let Kn be the correlation kernel defined in (2.4) for the squared singular values
of Ŷ (1.3) in the confluent case. With ν and κ being fixed, we have
lim
n→∞
1
n(β2 − α2)Kn
(
x
n(β2 − α2) ,
y
n(β2 − α2)
)
=
(y
x
)κ/2
Kν,κ(y, x),
uniformly for x, y in compact subsets of (0,∞), where the limiting kernel Kν,κ is given in (2.19)
and the parameters α, β satisfying (2.2) are fixed.
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Our asymptotic analysis, leading to the proofs of the theorems above, also allows us to
obtain the expected universality results for the local statistics of the squared singular values of
Ŷ beyond the origin. This means that the scaling limits of Kn tend to the sine kernel when
centered around a point x0 ∈ (0, p) (bulk universality), and to the Airy kernel for x0 = p (soft
edge universality). All the ingredients for obtaining such results are presented, but we will not
write the details down neither comment them any further; instead, we refer to [8, 16, 28] for a
more detailed analysis in similar situations.
2.5 About the proofs and organization of the rest of the paper
The proofs of our asymptotic results rely on the fact that the biorthogonal functions Pk and
Qk in (2.4) can be interpreted as multiple orthogonal polynomials of mixed type [21], which is
first observed by the second-named author in [57]. This in particular implies an RH problem
characterization [21] of the correlation kernel, which extends the classical results in [30, 56], and
of relevance to us here takes the following form.
RH Problem 2.5. We look for a 4 × 4 matrix-valued function Y : C \ R+ → C4×4 satisfying
the following properties:
(1) Y is defined and analytic in C \ R+.
(2) Y has limiting values Y± on (0,∞), where Y+ (Y−) denotes the limiting value from the
upper (lower) half-plane, and
Y+(x) = Y−(x)
I2 W (x)
0 I2
 , x ∈ (0,+∞), (2.20)
where W (x) is the rank-one matrix
W (x) =
 ωκ,α(x)
ωκ+1,α(x)
(ρν−κ,β(x) ρν−κ+1,β(x))
=
 ωκ,α(x)ρν−κ,β(x) ωκ,α(x)ρν−κ+1,β(x)
ωκ+1,α(x)ρν−κ,β(x) ωκ+1,α(x)ρν−κ+1,β(x)
 , (2.21)
with
ωµ,a(x) = x
µ
2 Iµ(2an
√
x), µ > −1, a > 0,
and
ρν,b(x) = x
ν
2Kν(2bn
√
x), ν ≥ 0, b > 0.
In (2.21), the parameters κ and ν are given in (1.7).
(3) As z →∞ and z ∈ C \ R+, we have
Y (z) =
(
I4 +
Y1
z
+O
(
1
z2
))
diag
(
zn1 , zn2 , z−n1 , z−n2
)
.
with n1 = bn−12 c+ 1 and n2 = bn−22 c+ 1, where bxc = max{n ∈ Z : n ≤ x} stands for the
integer part of x.
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(4) As z → 0, z ∈ C \ R+, the matrix Y (z) has the following behavior:
Y (z) = O

1 1 h(z) h˜(z)
1 1 h(z) h˜(z)
1 1 h(z) h˜(z)
1 1 h(z) h˜(z)
 , Y
−1(z) = O

h(z) h(z) h(z) h(z)
h˜(z) h˜(z) h˜(z) h˜(z)
1 1 1 1
1 1 1 1
 , (2.22)
where
h(z) :=

1, κ > 0,
log z, κ = 0, ν > 0,
(log z)2, κ = ν = 0,
h˜(z) :=
{
1, κ > 0,
log z, κ = 0,
and the O condition in (2.22) is understood in an entry-wise manner.
The above RH problem can be uniquely solved with the aid of mixed type multiple orthogonal
polynomials associated with the modified Bessel functions; see [57]. Moreover, a general result
in [21] shows that the correlation kernel (2.4) admits the following representation in terms of
the solution of the RH problem 2.5 for Y :
n2Kn(n
2x, n2y)
=
1
2pii(x− y)
(
0 0 ρν−κ,β(y) ρν−κ+1,β(y)
)
Y+(y)
−1Y+(x)

ωκ,α(x)
ωκ+1,α(x)
0
0
 . (2.23)
We will then perform a Deift/Zhou steepest descent analysis [22, 23] for the RH problem
for Y . The analysis consists of a series of explicit and invertible transformations
Y → X → T → S → R, (2.24)
which leads to a RH problem for R tending to the identity matrix as n → ∞. Analyzing the
effect of the transformations (2.24) gives us the large n limits of the correlation kernel in various
regimes.
The rest of this paper is organized as follows. In Section 3, we analyze the equilibrium prob-
lem, along the way also extending some classical results from potential theory, introducing a
four-sheeted Riemann surface built from the solution to the vector equilibrium problem and de-
scribing its uniformization in detail. Theorems 2.1 and 2.2 are finally established in Sections 3.7
and 3.6, respectively.
Some auxiliary functions, constructed using objects from Section 3, are then introduced in
Section 4 as a preparation for the asymptotic analysis.
Sections 5–11 are devoted to the steepest descent analysis of the RH Problem 2.5 for Y
described above. In particular, we construct a local parametrix near the origin with the aid of
the Meijer-G parametrix introduced by Bertola and Bothner in [11], using a recently introduced
matching technique by Kuijlaars and Molag [37].
After the RH asymptotic analysis is finished, the conclusion of our main asymptotic results,
i.e., Theorems 2.3 and 2.4, are presented in Section 12.
We conclude this paper with an Appendix to give some heuristic arguments on how to obtain
the precise formulation of the vector equilibrium problem introduced in Section 2.2, which plays
an important role in this paper.
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Assumptions and notations Throughout this paper, it is assumed that n is an even number
so that
n1 = n2 =
n
2
.
This assumption is not essential and is only made to simplify the proof.
Since the asymptotic analysis of 4× 4 RH problems takes a substantial part of this work, it
is notationally convenient to denote by Ejk the 4 × 4 elementary matrix whose entries are all
0, except for the (j, k)-entry, which is 1, that is,
Ejk = (δl,jδk,m)
4
l,m=1 . (2.25)
A fact of simple verification that comes in handy is the identity
EjkElm = δk,lEjm.
Finally, we adopt the notations
∆1 = (−∞,−q), ∆2 = (0, p), ∆3 = (−∞, 0), (2.26)
i.e., ∆1 is the interior of supp(σ−µ1), ∆2 is the interior of suppµ2, ∆3 is the interior of suppµ3,
and also set
cα = e
αpii. (2.27)
It is worthwhile to point out that for integer α the symmetry relation
cα = c−α
takes place.
3 Analysis of the vector equilibrium problem
The goal of this section is to analyze the equilibrium problem associated to the energy
functional (2.6), which will ultimately lead to the proofs of Theorems 2.1, 2.2, and Proposition
3.5 about the relevant Euler-Lagrange variational conditions.
3.1 Preliminaries from potential theory
In this subsection, we will review some basic concepts and their properties from poten-
tial theory, which will be needed in what follows. For more details, we refer to the standard
references [41, 53, 52, 55].
Logarithmic potential and Cauchy transform of a measure Given a measure µ on C,
recall that its Cauchy transform Cµ was previously defined in (2.14). Closely connected is its
logarithmic potential, which is defined by
Uµ(x) =
∫
log
1
|x− y| dµ(y), x ∈ C,
whenever the integral makes sense as a finite real number.
By expanding the integrands into powers of z around infinity, it immediately follows that,
as z →∞,
Cµ(z) = −|µ|
z
(1 + o(1)), Uµ(z) = −|µ| log |z|(1 + o(1)). (3.1)
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If µ is compactly supported, the terms o(1) in (3.1) can be replaced by O(z−1). Furthermore,
these functions are related through
Uµ(z) = Re
∫ z
Cµ(s) ds+ c,
where the constant c is chosen so as to have the same asymptotic behavior as z →∞ on both
sides of the identity above. This last relation implies that
∂Uµ
∂z
(z) =
1
2
Cµ(z), z ∈ C \ suppµ,
where ∂∂z =
1
2(
∂
∂x − i ∂∂y ). This identity also extends to the ±-boundary values on smooth arcs
of suppµ. In this sense, for a measure µ on R with real-differentiable potential, we have
dUµ
dx
(x) = ReCµ±(x), x ∈ suppµ, (3.2)
so
dUµ
dx
(x) =
∫
dµ(s)
s− x
 > 0, if x < inf suppµ,< 0, if x > sup suppµ. (3.3)
In addition, for z0 ∈ suppµ and δ > 0 for which suppµ ∩ {|z − z0| < δ} = γ is an analytic arc
with complex line element ds, the Sokhotski-Plemelj relations
Cµ+(z)− Cµ−(z) = 2pii
dµ
ds
(z), Cµ+(z) + C
µ
−(z) = 2PV
∫
dµ(x)
x− z , (3.4)
hold for z ∈ γ, where PV denotes the Cauchy principal value.
Given a function ω(x) on K, K = R− or K = R+, with
ω(x) = c|x|a(1 + o(1)), x→ 0 along K, a > −1, (3.5)
its Cauchy transform
Cω(z) := Cµω(z), dµω(x) := ω(x) dx
satisfies [47, Section 29]
Cω(z) =

O(1), a > 0,
O(log z), a = 0,
CKz
a(1 + o(1)), −1 < a < 0,
as z → 0, (3.6)
where, for −1 < a < 0, the branch of za is chosen so that
lim
δ→0+
(x+ iδ)a = |x|a, x ∈ K,
and
CK =

cpieapii
sin(api)
, if K = R−,
−cpie
−apii
sin(api)
, if K = R+.
Obviously, the behavior near the origin in (3.5) and (3.6) could be replaced by x− x0 → 0 for
any finite point x0 ∈ R.
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Logarithmic capacity The logarithmic capacity capK of a compact set K ⊂ C is defined by
capK = sup
|µ|=1
suppµ⊂K
e−I(µ) = exp
− inf
|µ|=1
suppµ⊂K
I(µ)
 ,
where we emphasize that the inf/sup is taken over probability measures supported on K and
I(µ) is the logarithmic energy of µ previously defined in (2.5). In particular, if capK = 0, then
there is no probability measure on K with finite logarithmic energy.
If G ⊂ C is an arbitrary Borel set, its capacity is defined by
capG = sup{capK | K ⊂ G, K compact}.
A property is said to hold quasi-everywhere (shortly q.e.), if it holds everywhere except on a
set of capacity zero. For a general treatise on capacity and its relation to complex analysis, we
refer the reader to [51, 52].
Balayage measure Given a closed set K ⊂ C with positive capacity and a finite measure µ
on C, the balayage measure of µ associated with K is the unique measure µ̂ such that |µ| = |µ̂|
and
U µ̂(z) = Uµ(z) + c, q.e. z ∈ K, (3.7)
where c is a constant. In particular, if K has an unbounded connected component, then com-
paring the behavior of both sides of (3.7) as z → ∞ tells us that c = 0. When needed, we
write
µ̂ = bal(µ,K)
to emphasize the underlying set K. A direct relation between the measures µ and bal(µ,K) is
given by the formula
bal(µ,K) =
∫
bal(δz,K) dµ(z), (3.8)
where δz denotes the Dirac measure at the point z.
A choice of our particular interest is
K = Kc = (−∞,−c], c ≥ 0.
In this case, if z > −c, then bal(δz,Kc) is absolutely continuous with respect to the Lebesgue
measure, and
d bal(δz,Kc)
dx
(x) =
1
pi
√
z + c√|x+ c|(z − x) , x ∈ Kc. (3.9)
For a measure µ with suppµ ⊂ [−c,+∞), for simplicity we denote
µ̂c = bal(µ,Kc).
Assuming that µ({−c}) = 0, it is easily seen from (3.8) and (3.9) that
dµ̂c
dx
(x) =
1
pi
√|x+ c|
∫ √
z + c
z − x dµ(z), x ∈ Kc. (3.10)
As an application of (3.10), we have the following two simple lemmas which will be essential
in establishing the characterization of suppµ1 given by Theorem 2.1.
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Lemma 3.1. If µ is a finite measure on [−c,+∞) with µ({−c}) = 0, then the function
x 7→
√
|x| dµ̂c
dx
(x)
is increasing on Kc.
Proof. By (3.10), it follows that
√
|x| dµ̂c
dx
(x) =
1
pi
√
|x|
|x+ c|
∫ √
z + c
z − x dµ(z), x ∈ Kc.
Since both
√
|x|
|x+c| and the integrand on the right-hand side of the above formula are increasing
functions of x on Kc, the lemma follows immediately.
With the measure σ introduced in (2.7), we have
Lemma 3.2. If µ is an absolutely continuous finite measure on Kc for which
√|x| dµdx (x) is
increasing on Kc, then the positive part (µ− σ)+ of the signed measure µ− σ is either zero or
satisfies
supp((µ− σ)+) = [−c˜,−c],
for some c˜ > c.
Proof. Because µ is finite but σ is not, we are sure that dµdx − dσdx is negative for x large. By
(2.7), we can write
dµ
dx (x)
dσ
dx (x)
=
pi
α
(√
|x| dµ
dx
(x)
)
.
Thus, the previous Lemma tells us that the quotient on the left-hand side above is strictly
increasing, so there exists at most one point in which this quotient changes from smaller to
bigger than 1. That is, there is at most one point for which the difference dµdx − dσdx changes
from negative to positive, and the result follows.
3.2 An extension of the Lower Envelope Theorem
In this subsection, we will extend the so-called Lower Envelope Theorem. The results
presented here are well-known under the stronger assumption that the underlying measures are
supported in a fixed compact set of C, but later we will need these results for measures with
unbounded support.
Proposition 3.3. Let {µn} be a sequence of probability measures on C that converges weakly
to a probability measure µ on C and satisfies the following conditions:
(i) The quantities ∫
log(1 + |z|2) dµn(z)
are finite and uniformly bounded in n.
(ii) As R→∞, the quantities ∫
|z|≥R
log(1 + |z|2) dµn(z)
converge to zero uniformly in n.
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Then, we have
Uµ(z) ≤ lim inf
n→∞ U
µn(z), z ∈ C,
and
lim inf
n→∞ U
µn(z) = Uµ(z)
for quasi-every z ∈ C.
Proof. We follow an idea in [34] and map the Riemann sphere C to the sphere S ⊂ R3 centered
at (0, 0, 1/2) with radius 1/2 through the stereographic projection
T (z) =
{(
Re(z)
1+|z|2 ,
Im(z)
1+|z|2 ,
|z|2
1+|z|2
)
, z ∈ C,
(0, 0, 1), z =∞.
It is straightforward to check that the mapping T satisfies
‖T (z)− T (w)‖ = |z − w|√
1 + |z|2√1 + |w|2 , z, w ∈ C, (3.11)
where ‖ · ‖ stands for the standard Euclidean norm in R3.
For a measure ν on C, denote by νT its pushforward measure induced by T . That is, νT is
a measure on S determined by the condition that∫
f(x) dνT (x) =
∫
f(T (z)) dν(z). (3.12)
With
V λ(x) =
∫
log
1
‖x− y‖ dλ(y)
denoted by the potential of a measure λ on S, it follows from (3.11) that if a measure ν on C
satisfies ∫
log(1 + |z|2) dν(z) <∞
and Uν is finite at z, then V ν
T
is finite at T (z) and
V ν
T
(T (z)) = V ν(z) +
1
2
∫
log(1 + |w|2) dν(w) + 1
2
|ν| log(1 + |z|2). (3.13)
Since µn
∗→ µ, it then follows from (3.12) that µTn ∗→ µT . Thus, by replacing the measure ν
in (3.13) by µn, it is readily seen that our proposition follows if we can show that
(a) The following limit holds:
lim
n→∞
∫
log(1 + |w|2) dµn(w) =
∫
log(1 + |w|2) dµ(w). (3.14)
(b) Whenever {νn} is a sequence of probability measures on S converging weakly to ν, then
V ν(x) ≤ lim inf
n→∞ V
νn(x), (3.15)
for every x ∈ S
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(c) For the measures {νn} and ν as in (b), there exists a log-polar set E ⊂ S such that
V ν(x) = lim inf
n→∞ V
νn(x), (3.16)
for x ∈ S \ E.
In part (c), by a log-polar set we mean that∫
V ν(x) dν(x) = +∞,
for any probability measure ν supported on E. We note that E is log-polar if, and only if,
T−1(E) has zero capacity in C.
The proof of (3.15) follows immediately from the weak convergence of νn to ν, and the fact
that the function
y 7→ log 1‖x− y‖
is lower semi-continuous on any compact subset of R3, whereas the proof of (3.16) follows in
the same steps as its analogue for measures supported in a fixed compact set of the plane [53,
Theorem I.6.9].
We finally provide a proof of (3.14). Since the non-negative function log(1 + |z|2) is lower
semi-continuous on C, the weak convergence µn
∗→ µ immediately implies that
0 ≤
∫
log(1 + |z|2) dµ(z) ≤ lim inf
n→∞
∫
log(1 + |z|2) dµn(z). (3.17)
By the condition (i), the right-hand side of the above inequality is finite.
Let {λn} be a sequence of probability measures on C defined by
dλn(z) =
1
cn
log(1 + |z|2) dµn(z),
where
cn =
∫
log(1 + |z|2) dµn(z).
If lim supn→∞ cn = 0, then the proof is over. Hence, we may assume that, without loss of
generality,
cn → lim sup
n→∞
cn := c > 0.
From the condition (i), the limsup above is finite and thus {λn} is a well-defined sequence of
probability measures on C. Furthermore, from the condition (ii), we see that this sequence is
tight. By Prohorov’s theorem, we can assume that, after extracting a subsequence, it converges
weakly to a probability measure λ on C. Thus, if f is any bounded continuous function on C,
we have
lim
n→∞
∫
f(z) dλn(z) =
∫
f(z) dλ(z).
If, in addition, the function f has compact support, then function f(z) log(1+|z|2) is continuous
and bounded on C. The weak convergence µn
∗→ µ then implies that∫
f(z) dλn(z) =
1
cn
∫
f(z) log(1 + |z|2) dµn(z) n→∞→ 1
c
∫
f(z) log(1 + |z|2) dµ(z),
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and consequently ∫
f(z) log(1 + |z|2) dµ(z) = c
∫
f(z) dλ(z),
for every compactly supported continuous function f . Considering a sequence {fm} of such
functions with the extra conditions that fm ≥ 0 and fm ↗ 1 pointwise, it follows from the
Monotone Convergence Theorem that∫
log(1 + |z|2) dµ(z) = c
∫
dλ(z) = c = lim sup
n→∞
∫
log(1 + |z|2) dµn(z).
This, together with (3.17), gives us (3.14).
This completes the proof of Proposition 3.3.
3.3 A scalar constrained equilibrium problem
Let ρ be a probability measure on R+. The so-called σ-constrained equilibrium measure µσρ
of R−, if it exists, is the measure that minimizes the functional
I(µ)− 2
∫
Uρ(z) dµ(z)
over all probability measures µ on R− subject to the condition µ ≤ σ, where σ is a given measure
on R−.
The characterization of the measure µ1 in Theorem 2.1 that we are looking for will follow
from the following proposition.
Proposition 3.4. With the measure σ given in (2.7), the σ-constrained measure µσρ exists
uniquely. Furthermore, there exists a constant c ≥ 0 such that
supp(σ − µσρ ) = Kc = (−∞,−c], (3.18)
and the following Euler-Lagrange variational conditions hold:
Uµ
σ
ρ (z)− Uρ(z) = 0, z ∈ supp(σ − µσρ ), (3.19)
Uµ
σ
ρ (z)− Uρ(z) ≤ 0, z ∈ R−. (3.20)
Proof. Existence, uniqueness and characterization through the variational conditions of the
minimizer, with possibly a nonzero constant ` on the right-hand side of (3.19) and (3.20),
follow from the standard theory, we refer the reader to [27] for details. To see that ` = 0 is the
correct constant, we first observe that σ((−∞,−a]) = +∞ for any a > 0. This, together with
the fact that µσρ is a probability measure, implies that supp(σ − µσρ ) is unbounded. Thus, we
can take the limit z → −∞ in (3.19) and use the behavior of Uµσρ (z)−Uρ(z) near∞ (see (3.1))
to conclude that ` = 0.
To show (3.18), we follow the ideas similar to the ones in [26, 28, 29], which are based on
the iterative balayage algorithm introduced by Dragnev [25]. To proceed, we set
ν1 = bal(ρ,R−). (3.21)
The measure ν1 then has the following properties:
(a) For z ∈ R−, we have
Uν1(z) = Uρ(z),
that is, ν1 is the unconstrained equilibrium measure of R− with the external field −2Uρ.
This property follows from the definition of the balayage measure.
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(b) From Lemmas 3.1 and 3.2, we have that
supp((ν1 − σ)+) = [−c1, 0],
for some c1 ≥ 0.
(c) For c1 as above, we have
µσρ |[−c1,0] = σ|[−c1,0].
This follows from property (a) and the Saturation Principle [27, Theorem 2.6].
We now define inductively
νk+1 = νk|Kck + σ|[−ck,0] + ν˜k, k ≥ 1, (3.22)
with
ν˜k = bal((νk − σ)+,Kck). (3.23)
In (3.23), if k ≥ 2, the constant ck ≥ 0 is, as we will show in a moment, uniquely defined
through the condition{
ck = ck−1, if (νk − σ)+ = 0,
supp((νk − σ)+) = [−ck,−ck−1], if (νk − σ)+ 6= 0.
(3.24)
In words, we swap out the part of νk that saturates σ to the set Kck . From (3.22)–(3.24), we
also observe that
νk|[−ck−1,0] = σ|[−ck−1,0] (3.25)
and that νk has no mass points. This particularly implies that
|νk+1| = νk(Kck) + σ([−ck, 0]) + |(νk − σ)+|
= νk(Kck) + σ([−ck,−ck−1]) + σ([−ck−1, 0]) + νk([−ck,−ck−1])− σ([−ck,−ck−1])
= νk(Kck) + σ([−ck,−ck−1]) + νk([−ck−1, 0]) + νk([−ck,−ck−1])− σ([−ck,−ck−1])
= |νk|,
and because |ν1| = 1 we get that |νk| = 1 for every k.
To see that (3.24) indeed uniquely defines ck, we will proceed inductively. We start with
the observation that the function
Kck 3 x 7→
√
|x| dνk+1
dx
(x) (3.26)
is increasing, once ν1, . . . , νk+1 are all well defined. In fact, because ν1 is absolutely continuous
and νk+1 is obtained from νk and σ by sums, balayages and restrictions, which are operations
that preserve the absolutely continuity, it follows that νk+1 is always absolutely continuous. By
(3.22), it is readily seen that for x ∈ Kck ,√
|x| dνk+1
dx
(x) =
√
|x| dνk
dx
(x) +
√
|x| dν˜k
dx
(x).
Because of (3.23), Lemma 3.1 tells us that the second term in the sum on the right-hand
side above is increasing. Under induction hypothesis for (3.26), the first term in this sum is
increasing as well. Hence, by induction it follows that (3.26) is always increasing.
18
Thus, once we know that ck as in (3.24) exists, the corresponding measure νk+1 in (3.22) is
well defined. Since
√|x| dνk+1dx (x) is increasing on Kck , we conclude (3.24) for k+ 1 with the aid
of Lemma 3.2, showing that the recursions (3.22)–(3.24) are well defined.
We also remark that, for x ∈ Kck ,
Uνk+1(x) = U
νk|
Kck (x) + U
σ|
[−ck,0](x) + U ν˜k(x)
= U
νk|
Kck (x) + U
σ|
[−ck,0](x) + U
νk|
[−ck,−ck−1](x)− U
σ|
[−ck,−ck−1](x)
= U
νk|
Kck (x) + U
σ|
[−ck−1,0](x) + U
νk|
[−ck,−ck−1](x)
= Uνk(x), (3.27)
where the first equality simply follows from the definition of νk in (3.22), the second equality
is a consequence of the definition (3.23) of ν˜k as a balayage measure and the assumption that
x ∈ Kck , and for the final equality we have made use of (3.25). Furthermore, from the Principle
of Domination [53], we also know that
U ν˜k(x) ≤ U
νk|
[−ck,−ck−1](x)− U
σ|
[−ck,−ck−1](x), x ∈ C.
Thus, by performing similar calculations as in (3.27) but replacing the second equality by an
inequality, we conclude that
Uνk+1(x) ≤ Uνk(x), x ∈ C \Kck . (3.28)
We claim that the sequence {ck} is convergent. Indeed, from its construction, it is readily
seen that ck ≥ ck−1, so this sequence is increasing. It is also bounded, because by (3.25), we
have
σ([−ck, 0]) = νk([−ck, 0]) ≤ 1,
but σ([x, 0])→ +∞ when x→ −∞. Hence,
lim
k→∞
ck = c (3.29)
for some c ≥ 0.
Our next goal is to show that the measures {νk} has a weakly convergent subsequence. To
see this, we observe from (3.10), (3.21) and (3.22) that
dνk
dx
(x) = O(|x|−3/2), x→ −∞, (3.30)
where the bound is uniform in k. Thus, given any ε > 0, we can find M = M(ε) > c such that
νk((−∞,−M ]) < ε.
Since ε > 0 is arbitrary, this shows that {νk} is a tight sequence of probability measures. By
Prokhorov’s theorem, there is a subsequence {νkj} converging weakly to a probability measure
ν on R−.
Let G ⊂ R− be any bounded open subset. From the weak convergence, we have
ν(G) ≤ lim inf
j→∞
νkj (G).
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If G ⊂ [−c, 0], by (3.25), it is easily seen that ν(G) = σ(G). If G ⊂ Kc, note that dνk/ dxdσ/dx is
strictly increasing on Kck , it then follows from (3.24) and (3.29) that
ν(G) < σ(G).
Moreover, the bound (3.30) implies that the requirements, and thus, the conclusions of
Proposition 3.3 are applicable to the sequence {νkj}. This, together with (3.27), tells us that
Uν(c) ≤ lim inf
j→∞
U
νkj (c) = Uν1(c) = Uρ(c) < +∞,
hence, ν cannot have a point mass at z = c. A combination of all these results then shows that
ν ≤ σ, on R−,
and
supp(σ − ν) = Kc.
Finally, using Proposition 3.3 and equations (3.27)–(3.28), we have that ν also satisfies the
two conditions in (3.19). Hence, by uniqueness of the minimizer, it follows that ν = µσρ and
supp(σ − µσρ ) = supp(σ − ν) = Kc.
This completes the proof of Proposition 3.4.
3.4 Qualitative properties for the vector equilibrium measure
To obtain qualitative properties for the vector of measures µ = (µ1, µ2, µ3) ∈ M that
minimizes (2.6), we recall the Euler-Lagrange conditions of the problem, which here take the
form of the following set of equalities and inequalities:
2Uµ1(x)− Uµ2(x) = `1, q.e. x ∈ supp(σ − µ1), (3.31)
2Uµ1(x)− Uµ2(x) ≤ `1, x ∈ R− \ supp(σ − µ1), (3.32)
2Uµ2(x)− Uµ1(x)− Uµ3(x) + 2(β − α)√x = `2, q.e. x ∈ suppµ2, (3.33)
2Uµ2(x)− Uµ1(x)− Uµ3(x) + 2(β − α)√x ≥ `2, x ∈ R+ \ suppµ2, (3.34)
2Uµ3(x)− Uµ2(x) = `3, q.e. x ∈ suppµ3, (3.35)
2Uµ3(x)− Uµ2(x) ≥ `3, x ∈ R− \ suppµ3, (3.36)
where `1, `2 and `3 are three constants. These equations actually follow from the Euler-Lagrange
conditions for the usual equilibrium problem for scalar measures. For instance, the equilibrium
problem for ν2 is to minimize, with fixed ν1 and ν3 satisfying conditions (E1), (E2) and (E4),
the functional
I(ν) +
∫
Q2(x) dν(x)
among all the probability measures ν on R+, where
Q2(x) = −Uµ1(x)− Uµ3(x) + 2(β − α)
√
x, x ∈ R+, (3.37)
is interpreted as the external field. Thus, given µ1 and µ3, the component µ2 is characterized
by equations (3.33) and (3.34). The other variational conditions can be derived in a similar
manner.
In our setup, (3.31)–(3.36) are improved with the next result, which also provides some of
the statements claimed in Theorem 2.1.
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Proposition 3.5. There exists a unique minimizer µ = (µ1, µ2, µ3) ∈ M of the energy func-
tional (2.6) over M stated in Theorem 2.1. Moreover, suppµ1 = R−, suppµ3 = R+, and for
some positive numbers p and q,
supp(σ − µ1) = (−∞,−q], suppµ2 = [0, p]. (3.38)
In addition, the three measures µ1, µ2 and µ3 are absolutely continuous with respect to the
Lebesgue measure, and their densities are bounded except possibly at the origin.
Furthermore, there exists a constant ` ∈ R such that
2Uµ2(x)− Uµ1(x)− Uµ3(x) + 2(β − α)√x = `, x ∈ suppµ2 = [0, p], (3.39)
2Uµ2(x)− Uµ1(x)− Uµ3(x) + 2(β − α)√x > `, x ∈ (p,+∞). (3.40)
Finally, we have
2Uµ1(x)− Uµ2(x) = 0, x ∈ supp(σ − µ1) = (−∞,−q], (3.41)
2Uµ1(x)− Uµ2(x) < 0, x ∈ (−q, 0], (3.42)
and
2Uµ3(x)− Uµ2(x) = 0, x ∈ suppµ3 = R−. (3.43)
Proof. The existence and uniqueness of the minimizer µ = (µ1, µ2, µ3) claimed by Theorem 2.1
follows from the standard theory, we refer the reader to [34] for details, and also [24, 28, 29]
where similar equilibrium problems appeared.
Also, observe that once two among the measures µ1, µ2 and µ3 are fixed, the total potential
acting on the third measure is real analytic on the set supporting it, except possibly at the origin.
This immediately implies that the three measures are absolutely continuous, and also that their
densities are bounded except possibly at the origin. For the same reason, the q.e. conditions on
(3.31), (3.33) and (3.35) are actually valid everywhere on the corresponding supports, so yielding
(3.39), (3.41) and (3.43), where for the latter two the fact that the variational constants `1 and
`3 are zero will follow from the unboundedness of the supports of σ − µ1 and µ3, to be shown
in a moment.
We first show the properties of µ1. Since σ((−∞,−x)) = +∞ for any x ≥ 0 and µ1 is finite,
we get that supp(σ − µ1) is unbounded. In addition, it is readily seen from (3.31) and (3.32)
that
µ1 =
1
2
µσρ with ρ = µ2,
where the measure µσρ is defined in Proposition 3.4. Hence, it follows that supp(σ − µ1) =
(−∞,−q] for some q ≥ 0, as well as (3.42) with possibly weak inequality and also (3.43). To
see that the inequality is indeed strict, we start with the functions ξ1 and ξ2 in (2.15) that are
at this point already defined off the real axis, and compute from (3.2) that
Re
∫ x
−q
(ξ1,+(s)− ξ2,+(s)) ds = 2Uµ1(x)− Uµ2(x), x ∈ (−q, 0). (3.44)
This, together with Remark 3.8 below1, implies that the inequality (3.32) is strict. All the
conditions on suppµ1 are thus proven.
1In fact, in (3.44) the +-boundary value can be omitted. Our proof that the left-hand side of (3.44) does
not vanish relies on the equalities (3.39), (3.41) and (3.43) in an implicit manner, but obviously not on their
corresponding inequalities.
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Next we handle the conditions on suppµ2. Observe that for j = 1, 3, and x > 0,
d
dx
(x(Uµj )′(x)) =
∫
x
(s− x)2 dµj(s) +
∫
1
s− x dµj(s)
=
∫ (
x
(s− x)2 +
s− x
(s− x)2
)
dµj(s) =
∫
s
(s− x)2 dµj(s) < 0,
where we have made use of the fact that µj is a positive measure supported on R−. Furthermore,
a simple calculation also shows that
(x(
√
x)′)′ > 0, x > 0.
Hence, on account of (3.37), (2.2) and the above two inequalities, we conclude that
(xQ′2(x))
′ > 0, x > 0.
By [53, Theorem IV.1.10 - (c)], this implies that
suppµ2 = [p˜, p]
for some p > p˜ ≥ 0 and also that the inequality (3.34) is strict. To see that p˜ = 0, we note that
the equality (3.39), already proven, gives us that
2Uµ2(p˜) +Q2(p˜) = `. (3.45)
If p˜ > 0, it then follows from (3.3) that the function Q2 + 2U
µ2 is strictly increasing on (0, p˜).
This, together with (3.45), implies that
2Uµ2(x) +Q2(x) < `, x ∈ (0, p˜),
contradicting the inequality (3.34). Hence, we have to have that p˜ = 0,, which concludes (3.38).
As for µ3, it is a consequence of (3.7) that the measure
1
2 bal(µ2,R−) is fully supported on
R− and satisfies the equality (3.43) everywhere on its support. Hence, we must have
µ3 =
1
2
bal(µ2,R−), `3 = 0,
and (2.12) follows immediately from (3.10).
This completes the proof of Proposition 3.5.
The arguments above give us the qualitative properties claimed by Theorem 2.1. The proofs
of the quantitative claims of Theorem 2.1, namely formulas (2.8), (2.9), (2.10), (2.11) and (2.13),
will be given in Section 3.7 below.
3.5 A four-sheeted Riemann surface R
To prove Theorem 2.2, we need a Riemann surface consisting of four sheets Rj , j = 1, 2, 3, 4,
given by
R1 = C \ (−∞,−q], R2 = C \ ((−∞,−q] ∪ [0, p]) ,
R3 = C \ (−∞, p], R4 = C \ (−∞, 0],
(3.46)
where the constants p, q are given in (2.10) and (2.8), respectively.
The sheetR1 is connected to the sheetR2 through (−∞,−q], R2 is connected toR3 through
[0, p] and R3 is connected to R4 through (−∞, 0]. All these gluings are performed in the usual
crosswise manner; see Figure 1. We then compactify the resulting surface by adding a common
point at ∞ to the sheets R1 and R2, and a common point at ∞ to the sheets R3 and R4. We
denote this compact Riemann surface by R.
The surface R has the following branch points:
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Figure 1: The Riemann surface R.
• Common branch points to R1 and R2 at ∞ and z = −q.
• A common branch point to R2 and R3 at z = p.
• A common branch point to R3 and R4 at ∞.
• A common branch point to R2, R3 and R4 at z = 0.
The last branch point enlisted above has ramification index 3, whereas the others have ramifi-
cation index 2. Consequently, it follows from the Riemann Hurwitz formula (cf. [46]) that R
has genus 0.
Proposition 3.6. The function ξj defined in (2.15) is analytic on Rj.
Proof. From the description of the supports of µ1, µ2 and µ3 in Proposition 3.5, it follows that
the ξj ’s are analytic in their domains of definition as in (2.15). A comparison of these domains
with (3.46) then shows that we only need to show that ξ1 and ξ2 are analytic across (−q, 0),
and in addition that ξ1 does not have a singularity at z = 0.
With the constraint measure σ given in (2.7), a simple residue calculation shows that
Cσ(z) = − α√
z
, z ∈ C \ R−. (3.47)
By (2.15), it is then readily seen that
ξ1(z) = C
µ1(z)− Cσ(z), z ∈ C \ R−. (3.48)
On account of the fact that µ1 = σ in (−q, 0) and the first equation in (3.4), we obtain that
ξ1,+(x)− ξ1,−(x) = 0, x ∈ (−q, 0),
thus concluding that ξ1 is indeed analytic across (−q, 0), and also that z = 0 is an isolated
singularity. However, because µ1 is equal to σ near z = 0, it follows from (3.5) and (3.6) that,
as z → 0,
Cµ1(z) = O(|z|−1/2).
Hence, ξ1(z) = O(|z|−1/2) as well, which implies that z = 0 is in fact a removable singularity of
ξ1.
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The proof for ξ2 follows from the fact that
ξ2(z) = −ξ1(z) + Cµ2(z),
and that suppµ2 does not intersect (−q, 0).
This completes the proof of Proposition 3.6.
With the functions ξj , j = 1, 2, 3, 4, defined in (2.15), set
ξ :
4⋃
j=1
Rj → C, ξ|Rj = ξj . (3.49)
From the previous Proposition, ξ is a well-defined meromorphic function on each of the sheets.
It turns out that, in fact, it extends meromorphically to the whole surface R, as claimed by our
next result.
Proposition 3.7. The function ξ defined in (3.49) extends to a meromorphic function on the
Riemann surface R, and its unique pole is the branch point at z = 0.
Proof. We need to show that the analytic continuation of ξj to Rj+1 is ξj+1, j = 1, 2, 3. For the
sake of brevity, we will only consider the case when j = 1, while the other cases can be proved
similarly.
To show that the analytic continuation of ξ1 to R2 is ξ2, we note from (3.2)–(3.4) that for
x < −q
2
d
dx
Uµ1(x) = 2PV
∫
dµ1(s)
s− x = C
µ1
+ (x) + C
µ1
− (x)
and
d
dx
Uµ2(x) = Cµ2(x) = Cµ2± (x).
Thus, by taking derivatives with respect to x on both sides of (3.41), it follows that
0 = Cµ1± (x) + C
µ1
∓ (x)− Cµ2(x) = Cµ1± (x) +
α
(
√
x)±
+ Cµ1∓ (x)− Cµ2(x) +
α
(
√
x)∓
= ξ1,±(x)− ξ2,∓(x), x ∈ (−∞,−q),
as required, where we have made use of the fact that (
√
x)+ = −(
√
x)− for x < 0 in the second
equality.
Thus, the only possible poles of ξ have to be at the branch points. Proposition 3.5 already
tells us that the densities of µ1, µ2 and µ3 remain bounded except possibly at the origin. At
this stage, we already know that ξ - and hence each µj - is algebraic, so for each of µ1, µ2 and
µ3 the behavior (3.5)–(3.6) has to take place as x → p,−q, for some a > 0, giving us that ξ
cannot blow up at these points.
This way, we have shown that the only possible poles of ξ are z = 0,∞. However, the large
z asymptotics of ξj , j = 1, 2, 3, 4, (which are immediate from (2.15) but for convenience also
given in (3.58) below) show that the function ξ is analytic at ∞ and non-constant, so the point
z = 0 common to the last three sheets has indeed to be a pole of ξ.
This completes the proof of Proposition 3.7.
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3.6 Proof of Theorem 2.2
By Proposition 3.7, we have that the functions ξj , j = 1, 2, 3, 4, are the four distinct solutions
to the following algebraic equation of order four:
0 =
4∏
i=1
(ξ − ξi) = ξ4 +R3(z)ξ3 +R2(z)ξ2 +R1(z)ξ +R0(z),
where the functions Rj(z), j = 0, 1, 2, 3, are rational functions whose set of poles coincide with
the set of poles for ξ, so they can have poles only at z = 0. In view of (2.15), it is easily seen
that
R3(z) = −ξ1 − ξ2 − ξ3 − ξ4 = 0.
To show that R1, R2 and R3 are indeed given by the ones in (2.16), we need to know the
local behavior of each ξj , j = 2, 3, 4, near the origin.
Because R has a branch point of ramification index 3 at z = 0, we have that, as z → 0,
ξj(z) = c˜jz
δ
3 (1 + o(z)), j = 2, 3, 4, (3.50)
for some nonzero integer δ and some nonzero constants c˜2, c˜3, c˜4. Thus, in virtue of the
Sokhotski-Plemelj relations (3.4) and (3.6), it follows that the densities of the three measures
µ1, µ2 and µ3 behave algebraically near the origin as well, that is, as z → 0,
dµj
dx
(x) = cjz
qj (1 + o(1)), j = 1, 2, 3, (3.51)
for some nonzero constants c1, c2, c3 and some rational numbers q1, q2 and q3 with qj > −1.
We note that the latter condition holds because the measures µj ’s are finite. Also, we see from
(3.43) and (3.2) that
2 ReCµ3+ (x) = ReC
µ2
+ (x), x < 0.
This, together with (3.4) and (3.6), implies that either q2, q3 ≥ 0 or −1 < q2 = q3 < 0. Hence,
we further obtain from (3.50) and the definition of ξ3 in (2.15) that
δ
3
=
 −12 , if q2, q3 ≥ 0,min{q3,−12}, if −1 < q2 = q3 < 0.
Because δ is an integer, we learn from the above formula that the only possibility left is
δ = −2, (3.52)
or equivalently,
q2 = q3 = −2
3
. (3.53)
In view of the Vieta relations, (3.50), (3.52) and the fact that ξ1 is analytic near z = 0, we
obtain that, as z → 0,
R0(z) = ξ1ξ2ξ3ξ4 = O(z−2), (3.54)
R1(z) = −ξ1ξ2ξ3 − ξ1ξ2ξ4 − ξ1ξ3ξ4 − ξ2ξ3ξ4 = O(z−2), (3.55)
R2(z) =
∑
j 6=k
1≤j,k≤4
ξjξk = O(z−4/3). (3.56)
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Since Rj , j = 0, 1, 2, are rational functions with possible finite poles only at z = 0, we conclude
that
Rj(z) =
Pj(z)
z2
, j = 0, 1, and R2(z) =
P2(z)
z
, (3.57)
for some polynomials P0, P1 and P2.
On the other hand, as z →∞, it follows from (3.1) and the local coordinates on R around
the branch points at ∞ that
ξ1(z) =
α√
z
− 1
2z
− c1
z3/2
+O(z−2), ξ2(z) = − α√
z
− 1
2z
+
c1
z3/2
+O(z−2),
ξ3(z) = − β√
z
+
1
2z
− c3
z3/2
+O(z−2), ξ4(z) = β√
z
+
1
2z
+
c3
z3/2
+O(z−2),
(3.58)
for some constants c1 and c3.
Looking at the polynomial part of (3.58), and expanding as in (3.54)–(3.56) but near z =∞,
we see from (3.57) that the coefficients Rj , j = 0, 1, 2, reduce to the ones given in (2.16).
This completes the first part of the proof of Theorem 2.2.
To obtain the rational parametrization for (2.16), which is known to exist because R has
genus 0, we first remark that the point (ξ, z) = (0,∞) is the only point of high order branching
of the curve, as all the other points are either simple branch points or regular points. As a
consequence, the line
z =
t
ξ2
, t ∈ C, (3.59)
should intersect the point (0,∞) with high multiplicity. Substituting (3.59) into (2.16), we
arrive at
t2 − (α2 + β2)t+ (α2 − β2)ξ + α2β2 = 0,
from which it follows that ξ = h(t) with h given in (2.17). Thus, the map
(ξ, z) = H(t) :=
(
h(t),
t
h(t)2
)
, t ∈ C, (3.60)
is a rational parametrization of the Riemann surface R. Counting its degree, we see that this
parametrization is maximal [54, Theorem 4.21].
This completes the proof of Theorem 2.2.
3.7 Proof of Theorem 2.1
As we observed at the end of Section 3.4, Proposition 3.5 already provides most of the claims
in Theorem 2.1, and it only remains to prove (2.8), (2.9), (2.10), (2.11) and (2.13).
The local behavior of the density functions near the origin for the measures µ2 and µ3
claimed in (2.11) and (2.13) was already obtained; see (3.51) and (3.53). To verify the other
formulas, we need an analysis of the spectral curve (2.16).
From the construction of the Riemann surface R, its only finite branch points are p, −q and
0. The discriminant of (2.16) with respect to ξ, as computed with Mathematica, is
1
z8
(
α2 − β2)2D1(z) (3.61)
with
D1(z) = −27
(
α2 − β2)2 + 4z (α2 + β2) (α4 − 34α2β2 + β4) + 16z2α2β2 (α2 − β2)2
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being a quadratic polynomial. The leading coefficient of D1 is positive and
D1(0) = −27
(
α2 − β2)2 < 0,
so we have that the discriminant of the spectral curve has two simple zeros with distinct signs.
Hence, these two real roots have to be the nonzero branch points of R, namely p and −q, and
the formulas (2.8) and (2.10) are obtained by solving the quadratic equation D1(z) = 0.
Finally, from the relation (3.48), the definition of ξ2 in (2.15), and the fact that p and −q
are two simple zeros of (3.61), we conclude (2.9) and the local behavior of µ2 near z = p as
stated in (2.11).
This completes the proof of Theorem 2.1.
Remark 3.8. We note that the arguments above also imply that
ξj(x)− ξk(x) 6= 0, j 6= k,
for x ∈ (−q, 0)∪(p,+∞), because the discriminant (3.61) does not vanish on these two intervals.
3.8 The uniformization of the Riemann surface R in detail
For later purpose, it is convenient to give a geometric description of the opens sets Dk that
are uniquely determined by
Dk = H−1(Rk), k = 1, 2, 3, 4, (3.62)
where H is given in (3.60). To obtain these sets, we first analyze the images of the branch
points of R on the t-sphere.
The finite branch points of R where ξ remains bounded, that is, the branch points z = p
and z = −q, are determined as the values of t for which the equation
z = z(t) =
t
h(t)2
=
t(β2 − α2)2
(t− α2)2(t− β2)2 (3.63)
has multiple solutions. Since
z′(t) = − (β
2 − α2)2
(t− α2)3(t− β2)3 ĥ(t),
where
ĥ(t) := 3t2 − t(α2 + β2)− α2β2,
these points are the roots of ĥ(t), i.e.,
t± =
1
6
(β2 + α2 ±
√
α4 + 14α2β2 + β4) (3.64)
with t− < 0 < t+. As a consequence,
z(t+) =
t+
h(t+)2
> 0, z(t−) =
t−
h(t−)2
< 0,
so actually
z(t+) = p, z(t−) = −q,
which is also consistent with (2.10) and (2.8).
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To find the t-points corresponding to∞(1) =∞(2) and∞(3) =∞(4), we must find the values
of t for which z(t) blows up. These are thus given by the zeros of h(t), that is,
t = α2 or t = β2.
To identify the images, we see from (3.58) that
√
zξ1,2(z) = ±α+ o(1),
√
zξ3,4(z) = ∓β + o(1), z →∞,
whereas using the rational parametrization H,
|√zξ(z)| =
∣∣∣∣∣
√
t
h(t)2
h(t)
∣∣∣∣∣ =
{
α+ o(1), t→ α2,
β + o(1), t→ β2,
hence,
z(α2) =∞(1) =∞(2), z(β2) =∞(3) =∞(4).
Moreover, since
ĥ(α2) = −2α2(β2 − α2) < 0, ĥ(β2) = 2β2(β2 − α2) > 0,
we have the ordering
t− < 0 < α2 < t+ < β2.
The remaining branch point of R is the one at z = 0 connecting R2, R2 and R3. According
to Proposition 3.7, this branch point corresponds to the only t-point for which h(t) = ξ blows
up, so it is t =∞.
In summary, we have the following proposition regarding the mapping properties of the
rational parametrization H defined in (3.60).
Proposition 3.9. The z ↔ t correspondence for the branch points of the Riemann surface R
under the rational parametrization H is listed in Table 1. Furthermore, the local coordinate z(t)
admits the following behavior near each of its critical points.
z(t) =
α2
(β2 − α2)2
1
(t− α2)2 (1 +O(t− α
2)), t→ α2,
z(t) =
β2
(β2 − α2)2
1
(t− β2)2 (1 +O(t− β
2)), t→ β2,
z(t) = −q +O((t− t−)2), t→ t−,
z(t) = p+O((t− t+)2), t→ t+,
z(t) =
(β2 − α2)2
t3
(1 +O(t−1)), t→∞.
(3.65)
Proof. We have already proved the images of the branch points of R in the t-sphere, while the
local behavior of z near each of its critical points follows directly from (3.63).
The inverse map H−1 maps the branch cuts ∆k of R to simple analytic arcs γ±k ⊂ C,
k = 1, 2, 3 that can only intersect at the points of the t-sphere enlisted in Table 1. Due to the
symmetry, γ−k is the complex conjugate of γ
+
k , and the +-sign indicates that γ
+
k is on the upper
half plane. The index of each of these arcs is determined by the following rules.
• γ±1 is the arc that connects t− and α2.
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branch points on R
points on t-sphere
(in increasing order of magnitude)
−q t−
∞(1) =∞(2) α2
p t+
∞(3) =∞(4) β2
0 ∞
Table 1: The z ↔ t correspondence for the branch points of R.
• γ±2 is the arc that connects t+ and ∞.
• γ±3 is the arc that connects β2 and ∞.
A basic geometric analysis of the conformal map H then shows the following.
• The contour H(γ+1 ) (H(γ−1 )) is the upper (lower) part of the interval ∆1 on R1, which is
the same as the lower (upper) part of this interval on R2.
• The contour H(γ−2 ) (H(γ+2 )) is the upper (lower) part of the interval ∆2 on R2, which is
the same as the lower (upper) part of this interval on R3.
• The contour H(γ+3 ) (H(γ−3 )) is the upper (lower) part of the interval ∆3 on R3, which is
the same as the lower (upper) part of this interval on R4.
This also means that each of the arcs γk := γ
+
k ∪ γ−k is an analytic closed contour on C, which
is the common boundary component of Dk and Dk+1, k = 1, 2, 3, where Dk is defined in (3.62).
The above correspondence is illustrated in Figure 2.
Finally, we observe that H maps the intervals (t−, 0) and (−∞, t−) to the interval (−q, 0)
on the sheets R1 and R2, respectively. This is an immediate consequence of the description
above, combined with real symmetry.
4 Auxiliary functions
In this section, we introduce some auxiliary functions for later use.
4.1 The λ-functions
The λ-functions are defined as the anti-derivative of the ξ-functions (2.15):
λ1(z) =
∫ z
−q
ξ1(s) ds+
∫ −q
p
ξ2,−(s) ds, z ∈ C \ (−∞,−q], (4.1)
λ2(z) =
∫ z
p
ξ2(s) ds, z ∈ C \ (−∞, p], (4.2)
λ3(z) =
∫ z
p
ξ3(s) ds, z ∈ C \ (−∞, p], (4.3)
λ4(z) =
∫ z
0
ξ4(s) ds−
∫ p
0
ξ2,+(s) ds, z ∈ C \ (−∞, 0]. (4.4)
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Figure 2: The uniformization of the Riemann surface R. Right figure: the arcs γ+k (short
dashed), γ−k (long dashed), k = 1, 2, 3, 4, and the t-points on the t-sphere that give rise to
branch points on R (compare with Table 1). Left figure, the images on R of the arcs γ±k under
the rational parametrization H, with the same short-long dashed codes.
We have the following asymptotic behaviors of the λ-functions for large z.
Proposition 4.1. As z →∞, we have
λ1(z) = 2α
√
z − 1
2
log z + θ1 +
2c1√
z
+O(z−1), (4.5)
λ2(z) = −2α
√
z − 1
2
log z + θ1 − pii− 2c1√
z
+O(z−1), (4.6)
λ3(z) = −2β
√
z +
1
2
log z + θ3 +
2c3√
z
+O(z−1), (4.7)
λ4(z) = 2β
√
z +
1
2
log z + θ3 − pii− 2c3√
z
+O(z−1), (4.8)
for some constants θ1 and θ3, where c1 and c3 are the same as in (3.58).
Proof. In virtue of (3.58), it is readily seen that, as z →∞,
λ1(z) = 2α
√
z − 1
2
log z + θ1 +
2c1√
z
+O(z−1),
λ2(z) = −2α
√
z − 1
2
log z + θ2 − 2c1√
z
+O(z−1),
λ3(z) = −2β
√
z +
1
2
log z + θ3 +
2c3√
z
+O(z−1),
λ4(z) = 2β
√
z +
1
2
log z + θ4 − 2c3√
z
+O(z−1),
for some constants θ1, θ2, θ3, θ4. To show that θ2 = θ1 − pii, we note from (4.1) and (4.2) that,
if x < −q,
λ1,+(x)− λ2,−(x) =
∫ x
−q
ξ1,+(s) ds+
∫ −q
p
ξ2,−(s) ds−
∫ x
p
ξ2,−(s) ds
=
∫ x
−q
(ξ1,+(s)− ξ2,−(s)) ds = 0,
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since ξ1,+(s) = ξ2,−(s) for s < −q. Inserting (4.5) and (4.6) into the above equality yields that
θ2 = θ1 − pii.
In a similar manner, it is easily seen that
λ3,−(x)− λ4,+(x) = 0, x < 0.
This, together with (4.7) and (4.8), implies that θ4 = θ3 − pii, as required.
This completes the proof of Proposition 4.1.
4.2 The φ-functions
For the sake of clarity, we also define the following φ-functions:
φ1(z) =
∫ z
−q
(ξ1(s)− ξ2(s)) ds, z ∈ C \ ((−∞,−q] ∪ R+) , (4.9)
φ2(z) =
∫ z
p
(ξ2(s)− ξ3(s)) ds, z ∈ C \ (−∞, p], (4.10)
φ3(z) =
∫ z
0
(ξ3(s)− ξ4(s)) ds, z ∈ C \ (−∞, p], (4.11)
where the path of integration in φ3 emerges from z = 0 in the upper half plane. Note that each
of the λ-functions and the φ-functions is analytic in its domain of definition.
Some properties of these auxiliary functions are collected in the following proposition.
Proposition 4.2. Let x ∈ R, with ∆i, i = 1, 2, 3, defined in (2.26), we have
λ1,+(x)− λ1,−(x) = φ1,+(x), x ∈ ∆1,
λ2,+(x)− λ2,−(x) =

φ2,+(x), x ∈ ∆2,
−2pii, x ∈ ∆3 \∆1,
−2pii+ φ1,−(x), x ∈ ∆1
λ3,+(z)− λ3,−(z) =
{
φ2,−(x), x ∈ ∆2,
2pii+ φ3,+(x), x ∈ ∆3,
λ4,+(x)− λ4,−(x) = 2pii+ φ3,−(x), x ∈ ∆3,
and
λ1,+(x)− λ2,−(x) =
{
0, x ∈ ∆1,
φ1(x), x ∈ ∆3 \∆1,
λ1,−(x)− λ2,+(x) = 2pii, x ∈ ∆1,
λ2,±(x)− λ3,∓(x) =
{
0, x ∈ ∆2,
φ2(x), x > p,
λ3,+(x)− λ4,−(x) = 2pii, x ∈ ∆3,
λ3,−(x)− λ4,+(x) = 0, x ∈ ∆3.
Furthermore, we have
φ1,+(x) + φ1,−(x) = 0, x ∈ ∆1, (4.12)
φ2,+(x) + φ2,−(x) = 0, x ∈ ∆2, (4.13)
φ3,+(x) + φ3,−(x) = −2pii, x ∈ ∆3. (4.14)
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Proof. These formulas follow directly from the definitions of the λ-functions and the φ-functions
given in (4.1)–(4.4) and (4.9)–(4.11), as well as Proposition 3.7. We omit the details here.
Finally, we present some inequalities satisfied by the φ-functions in the neighborhoods of
their branch cuts. These inequalities will be essential in our further asymptotic analysis.
Proposition 4.3. For each i = 1, 2, 3, there exists an open neighborhood Gi of the interval ∆i,
such that the following inequalities hold:
Reφ1(z) > 0, z ∈ G1 \∆1,
Reφ2(z) < 0, z ∈ G2 \∆2,
Reφ3(z) < 0, z ∈ G3 \∆3.
Furthermore, we also have that
φ2(x) > 0, x > p,
φ1(x) < 0, x ∈ ∆3 \∆1.
(4.15)
Proof. We will only prove the existence of G1, since the existence of G2 and G3 follow in a similar
manner.
If x ∈ ∆1 = (−∞,−q), note that ξ1,±(x) = ξ2,∓(x), it is readily seen from (2.15), (3.4),
(3.47) and (4.9) that
φ1,±(x) = ±
∫ x
−q
(ξ1,+(s)− ξ1,−(s)) ds = ±
∫ x
−q
(
Cµ1+ (s)− Cµ1− (s) +
α√
s+
− α√
s−
)
ds
= ±
∫ x
−q
(
Cµ1−σ+ (s)− Cµ1−σ− (s)
)
ds = ±2pii(σ − µ1)((x,−q)).
Thus φ1,±(x) is purely imaginary along ∆1, and the functions
x 7→ Imφ1,+(x), x 7→ Imφ1,−(x),
are strictly decreasing and increasing, respectively. By the Cauchy-Riemann equations, we
then get immediately that Reφ1(z) is strictly positive above and below the interval (−∞,−q),
assuring the existence of G1.
To conclude the first inequality in (4.15), we start with the identity
Reφ2(z) = Re
∫ z
p
(ξ2(s)− ξ3(s)) ds = Re
∫ z
p
(
2Cµ2(s)− Cµ1(s)− Cµ3(s) + β − α√
s
)
ds
= 2Uµ2(z)− Uµ1(z)− Uµ3(z) + 2(β − α) Re√z − c, z ∈ C \ (−∞, p],
for some constant c. This identity extends to C by continuity, and in virtue of the equality
(3.39), we get
0 = Reφ2(p) = `− c,
so c = `. The inequality then follows directly from (3.40).
In a similar fashion, the second inequality in (4.15) follows from (3.44) and (3.42).
This completes the proof of Proposition 4.3.
We are now ready to carry out asymptotic analysis of the RH problem 2.5 for Y .
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5 First transformation Y → X
The aim of this transformation to simplify the block matrix W (x) appearing in the jump
condition (2.20) for Y . The cost we have to pay is to create a new jump on the negative real axis.
Following [24, 36], the main idea is to use the special properties of modified Bessel functions.
We start by setting
y1,a(z) = z
(a+1)/2Ia+1(2
√
z), y2,a(z) = z
(a+1)/2Ka+1(2
√
z), (5.1)
where a > −1 is a real parameter. In general, we have that both y1,a and y2,a are analytic in
the complex plane with a cut along the negative real axis. Some properties of yi,a are collected
in what follows for later use.
• Connection formulas (see [49, Formulas 10.34.1 and 10.34.2]): if x < 0,
(y1,a)+ (x) = e
2apii (y1,a)− (x),
(y2,a)+ (x) = (y2,a)− (x) + ipie
apii (y1,a)− (x),
(5.2)
where the orientation of R− is taken from the left to the right.
• Derivatives (see [49, Formulas 10.29.2 and 10.29.5]):
y′1,a(z) = z
a/2Ia(2
√
z) = y1,a−1(z), y′2,a(z) = −za/2Ka(2
√
z) = −y2,a−1(z). (5.3)
• The Wronskian relation (see [49, Formula 10.28.2]):
y1,a(z)y
′
2,a(z)− y′1,a(z)y2,a(z) = −za/2, z ∈ C \ R−. (5.4)
By (5.1) and (5.3), it is readily seen that the matrix W in (2.21) can be rewritten as
W (x) = w1(x)
Tw2(x), (5.5)
where
w1(x) :=
(
ωκ,α(x) ωκ+1,α(x)
)
=
(
τ−κ1 y
′
1,κ(τ
2
1x) τ
−κ−1
1 y1,κ(τ
2
1x)
)
, (5.6)
w2(x) :=
(
ρν−κ,β(x) ρν−κ+1,β(x)
)
=
(
−τκ−ν2 y′2,ν−κ(τ22x) τκ−ν−12 y2,ν−κ(τ22x)
)
, (5.7)
with
τ1 := αn, τ2 := βn.
With the help of functions yi,a(z) given in (5.1), we further define two 2× 2 matrices
A1(z) = τ
−κ
1 z
−κ
2
 − 1piiy′2,κ(τ21 z) y′1,κ(τ21 z)
− 1piiτ−11 y2,κ(τ21 z) τ−11 y1,κ(τ21 z)
 (5.8)
and
A2(z) = 2τ
κ−ν
2 z
κ−ν
2
 y1,ν−κ(τ22 z) − 1piiy2,ν−κ(τ22 z)
τ2y
′
1,ν−κ(τ22 z) − τ2piiy′2,ν−κ(τ22 z)
 . (5.9)
In view of (5.4), it is easily seen that
detA1(z) =
1
2piτ1i
and detA2(z) =
2τ2
pii
. (5.10)
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Our first transformation is then defined by
X(z) = CXY (z) diag(A1(z), A2(z)) diag
(
z
κ
2
σ3 , z
κ−ν
2
σ3
)
, (5.11)
where σ3 =
 0 1
−1 0
 is the third Pauli matrix and
CX = diag
√2piτ1
 i 0
4(κ+1)2−1
16τ1
1
 ,√ pi
2τ2
1 4(ν−κ+1)2−116τ2
0 i
 .
By (5.10), it is easily seen that detX = 1. We further have that X satisfies the following RH
problem.
Lemma 5.1. The function X defined in (5.11) has the following properties:
(1) X is defined and analytic in C \ R.
(2) For x ∈ R, X(z) satisfies the jump conditions
X+(x) = X−(x)
 I4 + xκE23, if x > 0,I4 − |x|κE21 − |x|ν−κE34, if x < 0, (5.12)
where the 4× 4 matrix Eij is defined in (2.25).
(3) As z →∞, we have
X(z) = (I4 +O(z−1))B(z) diag
(
z
n
2 e−2τ1z
1
2 , z
n
2 e2τ1z
1
2 , z−
n
2 e2τ2z
1
2 , z−
n
2 e−2τ2z
1
2
)
, (5.13)
where
B(z) = 1√
2
diag(z−
1
4 , z
1
4 , z
1
4 , z−
1
4 ) diag
1 i
i 1
 ,
1 i
i 1
 diag (z κ2 σ3 , z κ−ν2 σ3)
=
1√
2
diag(z(
κ
2
− 1
4
)σ3 , z(
κ−ν
2
+ 1
4
)σ3) diag
 1 iz−κ
izκ 1
 ,
 1 izν−κ
izκ−ν 1
 . (5.14)
(4) X has the following local behaviors near the origin.
• For κ > 0, ν > 0, ν 6= κ
X(z) = O(1), z → 0.
• For κ = ν > 0,
X(z) diag
(
1, 1, 1,
1
log z
)
= O(1), z → 0.
• For κ = 0, ν > 0,
X(z) diag
(
1
log z
, 1,
1
log z
,
1
log z
)
= O(1), z → 0.
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• For κ = ν = 0,
X(z) diag
(
1
log z
, 1,
1
log z
,
1
(log z)2
)
= O(1), z → 0.
Proof. To show the jump condition as stated in item (2), we see from (5.11) and (2.20) that
X−1− (x)X+(x)
=

I2 x−κ2 σ3A−11 (x)W (x)A2(x)xκ−ν2 σ3
0 I2
 , if x > 0,x−κ2 σ3− A−11,−(x)A1,+(x)xκ2 σ3+ 0
0 x
ν−κ
2
σ3
− A
−1
2,−(x)A2,+(x)x
κ−ν
2
σ3
+
 , if x < 0. (5.15)
By (5.5)–(5.9), it follows from (5.4) and a straightforward calculation that
A−11 (x)w1(x)
T =
 0
x
κ
2
 , w2(x)A2(x) = (x ν−κ2 0) , (5.16)
so
x−
κ
2
σ3A−11 (x)W (x)A2(x)x
κ−ν
2
σ3 = x−
κ
2
σ3A−11 (x)w1(x)
Tw2(x)A2(x)x
κ−ν
2
σ3
= x−
κ
2
σ3
 0 0
x
ν
2 0
xκ−ν2 σ3 =
 0 0
xκ 0
 . (5.17)
Similarly, by making use of (5.2) and (5.4), one can check that if x < 0,
x
−κ
2
σ3
− A
−1
1,−(x)A1,+(x)x
κ
2
σ3
+ = x
−κ
2
σ3
−
e−κpii 0
−1 eκpii
xκ2 σ3+ =
 1 0
−|x|κ 1

and
x
ν−κ
2
σ3
− A
−1
2,−(x)A2,+(x)x
κ−ν
2
σ3
+
= x
ν−κ
2
σ3
−
e(ν−κ)pii −1
0 e(κ−ν)pii
xκ−ν2 σ3+ =
1 −|x|ν−κ
0 1
 . (5.18)
Inserting (5.17)–(5.18) into (5.15) gives us (5.12).
To establish the large z behavior of X, it suffices to derive the asymptotics of A1 and A2.
We follow closely [36] and start with known asymptotic formulas for the Bessel functions [49,
Formulas (10.40.1) and (10.40.2)] to obtain
y1,a(τ
2z) =
1
2
√
pi
τa+
1
2 z
a
2
+ 1
4 e2τz
1
2
×
(
1− 4(a+ 1)
2 − 1
16τz
1
2
+
(4(a+ 1)2 − 1)(4(a+ 1)2 − 9)
512τ2z
+O(z− 32 )
)
,
y2,a(τ
2z) =
√
pi
2
τa+
1
2 z
a
2
+ 1
4 e−2τz
1
2
×
(
1 +
4(a+ 1)2 − 1
16τz
1
2
+
(4(a+ 1)2 − 1)(4(a+ 1)2 − 9)
512τ2z
+O(z− 32 )
)
,
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for z → ∞ with | arg z| < pi and τ > 0. This, together with (5.8) and (5.3), implies that, as
z →∞,
A1(z) = − i
2
√
piτ1
z−
σ3
4
×
 1 i
−1 i
+ D1
z
1
2
 1 −i
−1 −i
+ D2
z
 1 i
−1 i
+O(z− 32 )
 e−2τ1z 12 σ3 ,
where
D1 =
1
16τ1
4κ2 − 1 0
0 4(κ+ 1)2 − 1
 ,
D2 =
1
512τ21
(4κ2 − 1)(4κ2 − 9) 0
0 (4(κ+ 1)2 − 1)(4(κ+ 1)2 − 9)
 .
Using the identity  1 −i
−1 −i
 =
 0 −1
−1 0
 1 i
−1 i
 ,
we further simplify the previous formula to
A1(z) = − i
2
√
piτ1
z−
σ3
4
I2 + D1
z
1
2
 0 −1
−1 0
+ D2
z
+O(z− 32 )
 1 i
−1 i
 e−2τ1z 12 σ3 .
On account of the fact that
z−
σ3
4
z
1
2
 0 −1
−1 0
 =
 0 −z−1
−1 0
 z−σ34 ,
we finally arrive at
A1(z) = − i
2
√
piτ1
I2 +D1
 0 −z−1
−1 0
+O(z−1)
 z−σ34
 1 i
−1 i
 e−2τ1z 12 σ3
= − i
2
√
piτ1
 1 0
−4(κ+1)2−116τ1 1
+O(z−1)
 z−σ34
 1 i
−1 i
 e−2τ1z 12 σ3
=
1√
2piτ1
 −i 0
i4(κ+1)
2−1
16 1
+O(z−1)
 z−σ34 1√
2
1 i
i 1
 e−2τ1z 12 σ3 , (5.19)
which is valid for z →∞ along C \ R−.
In a similar way, we also obtain that if z →∞ along C \ R−,
A2(z) = −
√
τ2
pi
i
1 −4(ν−κ+1)2−116τ2
0 1
+O(z−1)
 z σ34
i −1
i 1
 e2τ2z 12 σ3
=
√
2τ2
pi
1 4(ν−κ+1)2−116 i
0 −i
+O(z−1)
 τ σ322 z σ34 1√
2
1 i
i 1
 e2τ2z 12 σ3 . (5.20)
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A combination of (5.11), (5.19) and (5.20) then gives us (5.13).
Finally, it follows from the known behavior of the modified Bessel functions near the origin
(cf. [49, Formulas 10.30.1–10.30.3]) that, as z → 0,
y1(z) ∼ 1
Γ(a+ 2)
za+1, y′1(z) ∼
1
Γ(a+ 1)
za,
y2(z) ∼ 1
2
Γ(a+ 1), y′2(z) ∼

−12Γ(a), a > 0,
1
2 log(z), a = 0,
−12Γ(−a)za, a < 0.
The behavior of X near the origin in item (4) then follows from a straightforward calculation.
This completes the proof of Lemma 5.1.
6 Second transformation X → T
With the λ-functions given in (4.1)–(4.4), we define the second transformation X → T by
T (z) = CTX(z) diag
(
enλ1(z), enλ2(z), enλ3(z), enλ4(z)
)
, (6.1)
where
CT = (I4 − 2nc1iE21 + 2nc3iE34) diag
(
e−nθ1 , e−nθ1 , e−nθ3 , e−nθ3
)
with the constants c1, c3, θ1, θ3 as in Proposition 4.1. Then, T satisfies the following RH problem.
Lemma 6.1. The function T defined in (6.1) has the following properties:
(1) T is defined and analytic in C \ R.
(2) For x ∈ R, T satisfies the jump condition
T+(x) = T−(x)JT (x), (6.2)
where
JT (x) =

I4 + x
κe−nφ2(x)E23, x > p,
diag
(
1, enφ2,+(x), enφ2,−(x), 1
)
+ xκE23, x ∈ ∆2,
diag
(
1, 1, enφ3,+(x), enφ3,−(x)
)
− |x|κenφ1(x)E21 − |x|ν−κE34, x ∈ ∆3 \∆1,
diag
(
e−nφ1,−(x), e−nφ1,+(x), enφ3,+(x), enφ3,−(x)
)
− |x|κE21 − |x|ν−κE34,
x ∈ ∆1,
(6.3)
and where the φ-functions are defined in (4.9)–(4.11).
(3) As z →∞, we have
T (z) = (I4 +O(z−1))B(z), (6.4)
where the function B is given in (5.14).
(4) The matrix T has the same behavior as X as z → 0.
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Proof. To show the jump condition (6.2), it is readily seen from (6.1) and (5.12) that
JT (x) =

diag
(
en(λj,+(x)−λj,−(x))
)
j≤4 + x
κen(λ3,+(x)−λ2,−(x))E23, if x > 0,
diag
(
en(λj,+(x)−λj,−(x))
)
j≤4
− |x|κE21en(λ1,+(x)−λ2,−(x)) − |x|ν−κen(λ4,+(x)−λ3,−(x))E34,
if x < 0.
This formula simplifies further to (6.3) with the aid of Proposition 4.2.
For the asymptotic behavior of T near infinity, we observe from (5.13) and Proposition 4.1
that, as z →∞,
X(z) diag
(
enλ1(z), enλ2(z), enλ3(z), enλ4(z)
)
=
(
diag
(
enθ1(z), enθ1(z), enθ3(z), enθ3(z)
)
+O(z−1)
)
B(z)
×
(
diag
(
1 +
2nc1√
z
, 1− 2nc1√
z
, 1 +
2nc3√
z
, 1− 2nc3√
z
)
+O(z−1)I4
)
.
By moving the last diagonal matrix in the above formula to the left, it follows that
X(z) diag
(
enλ1(z), enλ2(z), enλ3(z), enλ4(z)
)
= C−1T (I4 +O(z−1))B(z).
This, together with (6.1), implies (6.4).
Finally, since each of the λ-functions is bounded near the origin, it is clear that the matrix
T has the same behavior as X as z → 0.
This completes the proof of Lemma 6.1.
7 Third transformation T → S
The third transformation involves the so-called lens opening. The goal of this step is to
convert the highly oscillatory jumps into a more convenient form on the original contours while
creating extra jumps tending to the identity matrices exponentially fast on the new contours.
This transformation is based on the following classical factorizations:e−u v
0 eu
 =
 1 0
v−1eu 1
 0 v
−v−1 0
 1 0
v−1e−u 1

and e−u 0
v eu
 =
1 v−1e−u
0 1
0 −v−1
v 0
1 v−1eu
0 1
 .
Note that the jump matrices in (6.3) can be viewed as 2×2 block matrices, the factorizations
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above can be easily applied. For instance, if x ∈ ∆2, it follows from (4.13) that
JT (x) = diag
1,
enφ2,+(x) xκ
0 enφ2,−(x)
 , 1

= diag
1,
 1 0
x−κenφ2,−(x) 1
 0 xκ
−x−κ 0
 1 0
x−κenφ2,+(x) 1
 , 1
 ,
= (I4 + x
−κenφ2,−(x)E32) diag
1,
 0 xκ
−x−κ 0
 , 1
 (I4 + x−κenφ2,+(x)E32). (7.1)
In a similar spirit, we use (4.14) to see that for x ∈ ∆3 \∆1,
JT (x) = diag
I2,
enφ3,+(x) −|x|ν−κ
0 enφ3,−(x)
− |x|κenφ1(x)E21
= (I4 − cκ−νxκ−ν− enφ3,−(x)E43)
diag
I2,
 0 −|x|ν−κ
|x|κ−ν 0
− |x|κenφ1(x)E21

× (I4 − cν−κxκ−ν+ enφ3,+(x)E43), (7.2)
where cα is defined in (2.27), and, finally, using (4.12), we obtain that for x ∈ ∆1,
JT (x) = diag
e−nφ1,−(x) 0
−|x|κ e−nφ1,+(x)
 ,
enφ3,+(x) −|x|ν−κ
0 enφ3,−(x)

= (I4 − cκ−νxκ−ν− enφ3,−(x)E43)(I4 − c−κx−κ− e−nφ1,−(x)E12)
× diag
 0 |x|−κ
−|x|κ 0
 ,
 0 −|x|ν−κ
|x|κ−ν 0

× (I4 − cκx−κ+ e−nφ1,+(x)E12)(I4 − cν−κxκ−ν+ enφ3,+(x)E43). (7.3)
For each k = 1, 2, 3, we set simply connected domains L±k (the lenses) on the ±-side of ∆k,
with oriented boundaries ∂L±k ∪∆k as shown in Figure 3. Moreover, it is required that
∂L±1 ⊂ L±3 and L±k \∆k ⊂ Gk, (7.4)
where the open neighborhood Gk of the interval ∆k is given in Proposition 4.3.
Based on the decompositions of JT given in (7.1)–(7.3) and also on the lenses just defined,
the third transformation reads
S(z) = T (z)

(I4 ∓ z−κenφ2(z)E32), z ∈ L±2 ,
(I4 ± cν−κzκ−νenφ3(z)E43), z ∈ L±3 \ L±1 ,
(I4 ± cν−κzκ−νenφ3(z)E43)(I4 ± cκz−κe−nφ1(z)E12), z ∈ L±1 ,
I4, z outside the lenses.
(7.5)
Since both κ and ν are integers, it is easily seen that
cν−κ = cκ−ν , cκ = c−κ.
Also note that the factors of the form (I4 +(∗)E12) and (I4 +(∗)E43) appearing above commute,
it is then straightforward to check that the matrix S satisfies the following RH problem.
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Figure 3: The lenses used for the transformation T 7→ S.
RH Problem 7.1. The function S defined in (7.5) has the following properties:
(1) S is defined and analytic in C \ ΓS , where
ΓS := R ∪
 3⋃
j=1
∂L±j
 . (7.6)
(2) For z ∈ ΓS , S satisfies the jump condition
S+(z) = S−(z)JS(z),
where
JS(z) =

JT (z) = I4 + x
κe−nφ2(z)E23, z ∈ (p,+∞),
I4 + z
−κenφ2(z)E32, z ∈ ∂L±2 ,
I4 − cν−κzκ−νenφ3(z)E43, z ∈ ∂L±3 ,
I4 − cκz−κe−nφ1(z)E12, z ∈ ∂L±1 ,
diag
(
1,
(
0 zκ
−z−κ 0
)
, 1
)
, z ∈ ∆2,
diag
(
I2,
(
0 −|z|ν−κ
|z|κ−ν 0
))
− |z|κenφ1(z)E21, z ∈ ∆3 \∆1,
diag
((
0 |z|−κ
−|z|κ 0
)
,
(
0 −|z|ν−κ
|z|κ−ν 0
))
, z ∈ ∆1.
(7.7)
(3) As z →∞, we have
S(z) = (I4 +O(z−1))B(z),
where the function B is given in (5.14).
(4) As z → 0, S has the same behavior as T provided z → 0 outside the lenses that end in 0.
8 Global parametrix
By (7.4), (7.7) and Proposition 4.3, it is easily seen that, as n→∞,
JS(z) = I4 + o(1), z ∈ ∪3j=1∂L±j ∪ (p,+∞),
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uniformly valid for z bounded away from the endpoints of the sets ∆k, k = 1, 2, 3. This, together
with the second inequality in (4.15), leads us to the following model RH problem, also called
global parametrix RH problem.
RH Problem 8.1. We look for a 4 × 4 matrix-valued function G satisfying the following
properties:
(1) G is defined and analytic in C \ (−∞, p].
(2) G satisfies the jump condition
G+(x) = G−(x)JG(x),
where
JG(x) =

diag
((
0 |x|−κ
−|x|κ 0
)
,
(
0 −|x|ν−κ
|x|κ−ν 0
))
, x ∈ ∆1,
diag
(
1,
(
0 xκ
−x−κ 0
)
, 1
)
, x ∈ ∆2,
diag
(
I2,
(
0 −|x|ν−κ
|x|κ−ν 0
))
, x ∈ ∆3 \∆1.
(8.1)
(3) As z →∞ away from R−, we have
G(z) = (I4 +O(z−1))B(z), (8.2)
where B is as in (5.14).
Note that we are not imposing any endpoint behaviors for G, so the solution to RH problem
8.1 might not be unique. Nevertheless, we will construct some G explicitly that will be enough
to finish the further asymptotic analysis. The construction relies on the uniformization map of
the Riemann surface described in Section 3.8.
8.1 Construction of the global parametrix for κ = ν = 0
In this section, we will solve the model RH problem 8.1 with κ = ν = 0, whose solution will
be denoted by G0. The basic idea is to lift the original RH problem to the Riemann surface
R, and then transform the matrix-valued RH problem into several scalar RH problems on the
t-plane with the aid of the rational parametrization (3.60).
To proceed, let tk = tk(z), k = 1, 2, 3, 4, be the inverse of the map z = z(t) in (3.63)
restricted to Rk, i.e.,
tk : Rk → C.
We then have the following proposition.
Proposition 8.2. A solution of the model RH problem 8.1 with κ = ν = 0 is given by
G0(z) =
(
Gk(tj(z))
)4
k,j=1
, (8.3)
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where
G1(t) = e1
(
t− α2
t− t−
) 1
2 (t− β2) 32
(t− t+) 12
, (8.4)
G2(t) = e2
t (t− β2) 32
(t− t+) 12
(
(t− α2)(t− t−)
)− 1
2 , (8.5)
G3(t) = e3 t (t− α2)
(
t− α2
t− t−
) 1
2
(t− t+)− 12 (t− β2)− 12 , (8.6)
G4(t) = e4 (t− α2)
(
t− α2
t− t−
) 1
2
(t− t+)− 12 (t− β2) 12 . (8.7)
Here, t± is given in (3.64), the branch cut for the root of (t−α2)•(t−t−)• is taken along γ+1 , the
branch cuts of (t− t+) 12 and (t− β2) 12 are taken along γ−2 and γ−3 , respectively, and e1, e2, e3, e4
are explicitly computable non-zero constants.
Proof. Suppose that
G0(z) =
(
gk,j(z)
)4
k,j=1
solves the model RH problem 8.1 with κ = ν = 0. We lift the RH problem to the Riemann
surface R by treating each entry gk,j(z) of the k-th row of G0 as defined on the sheet Rj of R
and define
gk : R → C, gk|Rj = gk,j , j, k = 1, 2, 3, 4. (8.8)
It is then easily seen that the RH problem for G0 is equivalent to the following RH problem on
R.
RH Problem 8.3. For k = 1, 2, 3, 4, the function gk defined in (8.8) has the following proper-
ties:
(1) gk is analytic in R \ Γg, where
Γg := H(γ
+
1 ) ∪H(γ−2 ) ∪H(γ−3 )
with H being the rational parametrization (3.60). Here, each of the contours H(γ+1 ), H(γ
−
2 )
and H(γ−3 ) is a real interval on R with the orientation taken from the left to the right.
(2) gk satisfies the jump condition
gk,+(z) = −gk,−(z), z ∈ Γg.
(3) gk has the following large z asymptotic behaviors.
• As z →∞ along R1,
g1(z) =
z−
1
4√
2
(1 +O(z− 12 )), g2(z) = iz
1
4√
2
(1 +O(z−1)), g3(z) = g4(z) = O(z− 34 ).
• As z →∞ along R2,
g1(z) =
iz−
1
4√
2
(1 +O(z− 12 )), g2(z) = z
1
4√
2
(1 +O(z−1)), g3(z) = g4(z) = O(z− 34 ).
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• As z →∞ along R3,
g1(z) = g2(z) = O(z− 34 ), g3(z) = z
1
4√
2
(1 +O(z−1)), g4(z) = iz
− 1
4√
2
(1 +O(z− 12 )).
• As z →∞ along R4,
g1(z) = g2(z) = O(z− 34 ), g3(z) = iz
1
4√
2
(1 +O(z−1)), g4(z) = z
− 1
4√
2
(1 +O(z− 12 )).
Using the rational parametrization (3.60), we further transfer the above RH problem for gk
to a scalar RH problem on the t-complex plane by setting
Gk(t) = gk(z(t)). (8.9)
The RH problem for gk is then equivalent to the following RH problem for Gk.
RH Problem 8.4. For k = 1, 2, 3, 4, the function Gk defined in (8.9) has the following prop-
erties:
(1) Gk is analytic in C \ ΓG, where
ΓG = H
−1(Γg) = γ+1 ∪ γ−2 ∪ γ−3 .
(2) Gk satisfies the jump condition
Gk,+(t) = −Gk,−(t), t ∈ ΓG.
(3) As t→ α2, we have
G1(t) =
1√
2
(
α
β2 − α2
)− 1
2
(α2 − t) 12 (1 +O(t− α2)),
G2(t) =
i√
2
(
α
β2 − α2
) 1
2
(α2 − t)− 12 (1 +O(t− α2)),
Gk(t) = O((t− α2)
3
2 ), k = 3, 4.
(4) As t→ β2, we have
Gk(t) = (O(t− β2)
3
2 ), k = 1, 2,
G3(t) =
1√
2
(
α
β2 − α2
) 1
2
(β2 − t)− 12 (1 +O(t− β2)),
G4(t) =
i√
2
(
α
β2 − α2
)− 1
2
(β2 − t) 12 (1 +O(t− β2)).
It is straightforward to check that the function Gk defined in (8.4)–(8.7) with specified
branch cuts satisfies the RH problem 8.4. In particular, the constants e• are determined by the
explicit leading coefficients given in items (3) and (4) of the above RH problem.
This completes the proof of Proposition 8.2.
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From (8.4)–(8.7), it follows that
Gk(t) =

ekt(1 +O(t−1)), t→∞,
O((t− t+)− 12 ), t→ t+,
O((t− t−)− 12 ), t→ t−.
This, together with (8.3) and Proposition 3.9, implies that the following rough estimate of G0
near the endpoints of the jump contours:
G0(z) =

O(z− 13 ), z → 0,
O((z − p)− 14 ), z → p,
O((z + q)− 14 ), z → −q.
(8.10)
8.2 Construction of the global parametrix for general κ and ν
With the aid of G0 in (8.3), we could construct the global parametrix for general parameters
κ and ν. To state the result, let us define
log(t− α2) : C \ (γ+1 ∪ (−∞, t−])→ C, log(t− β2) : C \ γ−3 → C, (8.11)
where both the branches are chosen to be purely real for large positive values of t, and further
set
Fk(z) = e
−κ log(tk(z)−α2)−(κ−ν) log(tk(z)−β2), z ∈ Rk, k = 1, 2, 3, 4. (8.12)
Proposition 8.5. A solution of the model RH problem 8.1 is given by
G(z) = diag(f1, f1, f3, f3)G0(z) diag
(
cκF1(z), F2(z)e
−κ log z, F3(z), cκ−νF4(z)e(ν−κ) log z
)
, (8.13)
where G0 given in (8.3) solves the RH problem 8.1 with κ = ν = 0, the function Fk, k = 1, 2, 3, 4,
is defined in (8.12), the branch cut of log z is taken along the negative real axis, and f1, f3 are
explicitly computable non-zero constants.
Proof. By the definition (8.11), it is easily seen that the maps
Rk 3 z 7→ log(tk(z)− α2), log(tk(z)− β2),
satisfy the following boundary relations:
• if x ∈ ∆1,
(log(t1(z)− α2))+ − (log(t2(z)− α2))− = −2pii,
(log(t1(z)− α2))− − (log(t2(z)− α2))+ = 0,
• if x ∈ ∆3,
(log(t3(z)− β2))+ − (log(t4(z)− β2))− = 0,
(log(t3(z)− β2))− − (log(t4(z)− β2))+ = 2pii,
• if x ∈ ∆3 \∆1,
(log(t2(z)− α2))+ − (log(t2(z)− α2))− = −2pii,
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and are otherwise analytic in their domains of definition. As a consequence, the function
F : R → C, F |Rk = Fk, k = 1, 2, 3, 4,
with Fk given in (8.12) extends to a meromorphic function on R, and it is easy to check that
the function G defined in (8.13) satisfies the jump condition (8.1).
Finally, in virtue of the expansions in (3.65), we have that, as z →∞,
F1(z) =
c−κ
f1
z
κ
2 (1 +O(z−1/2)), F2(z) = 1
f1
z
κ
2 (1 +O(z−1/2))
F3(z) =
1
f3
z
κ−ν
2 (1 +O(z−1/2)), F4(z) = cν−κ
f3
z
κ−ν
2 (1 +O(z−1/2)),
for some non-zero constants f1, f3, which implies the large z asymptotics stated in (8.2).
This completes the proof of Proposition 8.5.
By Proposition 3.9, it is also readily seen that
G(z) =
 O((z − p)−
1
4 ), z → p,
O((z + q)− 14 ), z → −q.
The local behavior of G near the origin, however, is crucial in our further analysis. By setting
U+ = Û diag(ω κ+ν2 σ3 , 1), U− = U+ diag
0 −1
1 0
 , 1
 , (8.14)
where
Û =

ω− ω+ 1
−1 −1 −1
ω+ ω− 1
 (8.15)
with ω = e2pii/3, ω± = ω±1, we have the following proposition regarding the asymptotics of G
near the origin.
Proposition 8.6. The matrix
Ĝ(z) := G(z) diag
(
1, z
A
3 (U±)−1z B3
)
, ± Im z > 0, (8.16)
is analytic in a neighborhood of z = 0, and has an analytic inverse as well, where
A = A(ν, κ) = diag(ν + κ, ν − 2κ, κ− 2ν), (8.17)
B = diag(1, 0,−1), (8.18)
and the matrices U± are defined through (8.14)–(8.15).
Proof. It is clear that Ĝ defined in (8.16) is analytic in the upper and lower half planes. We
now compute its jumps across the real axis in a neighborhood of the origin.
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For 0 < x < p, it follows from (8.1) and (8.14) that
(Ĝ−(x))−1Ĝ+(x) = diag
(
1, x−
B
3 U−x−A3
)
JG(x) diag
(
1, x
A
3 (U+)−1xB3
)
= diag
1, x−B3 U− diag
 0 1
−1 0
 , 1
 (U+)−1xB3

= diag
(
1, x−
B
3 U+(U+)−1xB3
)
= I4.
Similarly, if −q < x < 0, we use again (8.1) and compute
(Ĝ−(x))−1Ĝ+(x) = diag
(
1, x
−B
3− U−x
−A
3−
)
JG(x) diag
(
1, x
A
3
+ (U+)−1x
B
3
+
)
= diag
1, x−B3− U− diag
c 2(κ+ν)
3
,
 0 −c−κ+ν3
c−κ+ν
3
0
 (U+)−1xB3+

= diag
1, x−B3− Û

0 0 1
1 0 0
0 1 0
 Û−1xB3+
 .
Note that
Û−1 = 1
3

ω+ −1 ω−
ω− −1 ω+
1 −1 1
 ,
a straightforward calculation shows that
(Ĝ−(x))−1Ĝ+(x) = diag
(
1, x
−B
3− diag
(
ω−, 1, ω+
)
x
B
3
+
)
= I4, −q < x < 0.
Hence, we can conclude that G is analytic in a neighborhood of the origin with z = 0 being an
isolated singularity.
We next show that z = 0 is a removable singularity. Note that, as z → 0,
F1(z) = O(1), F2,3,4(z) = O(z
2κ−ν
3 ).
Thus,
diag
(
cκF1(z), F2(z)e
−κ log z, F3(z), cκ−νF4(z)e(ν−κ) log z
)
= F̂ (z) diag(1, z−
A
3 ),
where F̂ is a diagonal matrix satisfying
F̂ (z) = F0 +O(z 13 ), z → 0,
for some non-singular constant matrix F0. This, together with (8.13) and (8.10), implies that
G(z) diag
(
1, z
A
3
)
= diag(f1, f1, f3, f3)G0(z)F̂ (z) = O(z− 13 ), z → 0.
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By (8.16), we further get that
Ĝ(z) = O(z− 23 ), z → 0,
so z = 0 must be a removable singularity, as claimed.
Finally, the existence of the analytic inverse follows immediately because the determinants
of G, U±, z A3 and z B3 are all constant and non-zero, so the same is true for det Ĝ.
This completes the proof of Proposition 8.6.
9 Local parametrices near p and −q
From our definition of φ-functions given in (4.9)–(4.11), it is readily seen that
φ2(z) = C2(z − p) 32 (1 +O(z − p)), z → p,
φ1(z) = −C1(z + q) 32 (1 +O(z + p)), z → −q,
for some positive constants C1 and C2. Hence, by setting Dp(δ) and D−q(δ) with δ > 0
sufficiently small to be two small disks around p and −q, we could construct local parametrices
Lp and L−q in each of the disk with the aid of the standard 2×2 Airy parametrix [23]. Since this
construction is very well-known, we omit the details but mention that as one of the outcomes
we get the matching
Lj(z) = (I4 +O(n−1))G(z), n→∞, (9.1)
uniformly for z ∈ ∂Dj(δ), j = p,−q.
10 Local parametrix near the origin
In this section, we will construct the local parametrix near the origin, which is somewhat
involved and performed in several steps. The main difficulty lies in the fact one cannot expect
a nice matching like (9.1) immediately in this case, and this phenomenon is quite common in
the asymptotic analysis of higher order RH problem; cf. [11, 15, 37]. Here, we follow a new and
novel technique recently developed by Kuijlaars and Molag [37], which requires to construct a
matching condition on two circles.
Let D(δ) and D(r) be disks centered at the origin with radii δ > r > 0. We will take D(δ)
to be small but fixed and D(r) = D(rn) to be shrinking with n. A more precise requirement on
r will be given later.
On account of the second inequality in (4.15) and the fact that κ ≥ 0, we could simply
ignore the (2, 1)-entry of JS on (−δ, 0) for large n and this leads us to consider the following
RH problem.
RH Problem 10.1. We look for a 4×4 matrix-valued function L0 with the following properties:
(1) L0 is defined and analytic in D(δ)\ ((ΓS ∩D(r)) ∪ (−δ, δ)), where the contour ΓS is defined
in (7.6).
(2) L0 satisfies the jump condition
L0,+(z) = L0,−(z)
{
JG(z), z ∈ (−δ, δ) \ [−r, r],
JL0(z), z ∈ D(r) ∩ ΓS ,
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where JG is defined in (8.1), and
JL0(z) =

JS(z), z ∈ (D(r) ∩ ΓS) \ (−r, 0),
diag
(
I2,
(
0 −|z|ν−κ
|z|κ−ν 0
))
, z ∈ (−r, 0),
with JS given in (7.7).
(3) As z → 0, L0 has at worse a power log singularity.
(4) As n→∞, we have the matching conditions
L0(z) = (I4 +O(n−1))G(z), z ∈ ∂D(δ) \ (−δ, δ), (10.1)
where G is the global parametrix (8.13), and
L0,+(z) = (I4 +O(n−1))L0,−(z), z ∈ ∂D(r) \ ΓS , (10.2)
where the orientation of the circle is taken in a counter-clockwise manner and the error
terms in (10.1) and (10.2) are uniform in z.
In previous works in the literature, only the matching (10.1) is present, with possibly a
shrinking radius δ = δn. In these scenarios, one often has to make several post-corrections to
the matching, as the initial error term is not of the appropriate order. As mentioned earlier,
in [37] Kuijlaars and Molag explored the introduction of this new matching condition (10.2),
which allows to keep δ fixed but make r = rn shrinking. It turns out that this double-matching
(10.1)–(10.2) makes the coming calculations more systematic, and this will be the approach we
follow. We next present some preliminary work before doing that.
As the first step to solve the RH Problem 10.1, we remove all the φ-functions from the jumps
of L0 by defining
P (z) = L0(z) diag
(
1, e−n(λ2(z)+c), e−n(λ3(z)+c), e−n(λ4(z)+c)
)
, z ∈ D(r) \ ΓS , (10.3)
where
c =
∫ p
0
ξ2,+(s) ds = 2pii+
∫ p
0
ξ2,−(s) ds =
∫ p
0
ξ3,−(s) ds = 2pii+
∫ p
0
ξ3,+(s) ds, (10.4)
and the λ-functions are defined in (4.2)–(4.4).
An appropriate, but straightforward, combination of (4.2)–(4.4), (4.10)–(4.11) and Propo-
sition 4.2 leads us to consider the following RH Problem that P must satisfy.
RH Problem 10.2. The function P defined in (10.3) has the following properties:
(1) P is defined and analytic on D(r) \ ΓS .
(2) P satisfies the jump condition
P+(z) = P−(z)JP (z), z ∈ ΓS ∩D(r),
where
JP (z) =

I4 + z
−κE32, z ∈ D(r) ∩ ∂L±2 ,
I4 − cν−κzκ−νE43, z ∈ D(r) ∩ ∂L±3 ,
diag
(
1,
(
0 zκ
−z−κ 0
)
, 1
)
, z ∈ (0, r),
diag
(
I2,
(
0 −|z|ν−κ
|z|κ−ν 0
))
, z ∈ (−r, 0).
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(3) As z → 0, P has at worse a power log singularity.
Note that we do not pose any asymptotic behavior of P on ∂D(r). We will give an explicit
solution to the above RH problem, and, after some further manipulations, modify P in such a
way that, at the end of the day, the corresponding matrix L0 solves the RH problem 10.1.
For later use, we introduce the functions λ̂±k (z) defined by
λ̂±k (z) =
∫ z
0
ξk(s) ds, ± Im z > 0, k = 2, 3, 4, (10.5)
where the path for λ̂+k (z) (λ̂
−
k (z)) is contained in the upper (lower) half plane. It is easily seen
from (4.2)–(4.4), (10.4) and (10.5) that
e−n(λk(z)+c) = e−nλ̂
±
k (z), ± Im z > 0, k = 2, 3, 4. (10.6)
The asymptotic behaviors of λ̂±k near the origin are collected in the following proposition.
Proposition 10.3. There exist analytic functions f4, g4 and h4 in a neighborhood of z = 0 so
that for ± Im z > 0
λ̂±2 (z) = ω
±z1/3f4(z) + ω∓z2/3g4(z) + zh4(z), (10.7)
λ̂±3 (z) = ω
∓z1/3f4(z) + ω±z2/3g4(z) + zh4(z), (10.8)
λ̂±4 (z) = z
1/3f4(z) + z
2/3g4(z) + zh4(z). (10.9)
Furthermore, we have
f4(0) = 3(β
2 − α2)1/3 > 0. (10.10)
Proof. From the local behavior of the ξ-functions near z = 0 (which can be derived from (3.50),
(3.52) and the spectral curve (2.16)), it is readily seen that, as z → 0,
λ̂±k (z) = z
1/3f±k (z) + z
2/3g±k (z) + zh
±
k (z), ± Im z > 0, k = 2, 3, 4, (10.11)
where f±k , g
±
k and h
±
k are analytic in a neighborhood of z = 0 and all the roots are taken the
principal branches with cuts along the negative axis. The jump relations for the ξ-functions
across the positive axis imply in particular that
f±2 (z) = f
∓
3 (z), g
±
2 (z) = g
∓
3 (z), h
±
2 (z) = h
∓
3 (z),
f+4 (z) = f
−
4 := f4(z), g
+
4 = g
−
4 := g4(z), h
+
4 (z) = h
−
4 (z) := h4(z),
while the jump conditions across the negative axis give that
f−2 (z) = ωf
+
2 (z), g
−
2 (z) = ω
−g+2 (z), h
−
2 (z) = h
+
2 (z),
f±3 (z) = ω
∓f4(z), g±3 (z) = ω
±g4(z), h±3 (z) = h4(z).
As a consequence, we obtain the relations
f±2 (z) = f
∓
3 (z) = ω
±f4(z), g±2 (z) = g
∓
3 (z) = ω
∓g4(z), h±2 (z) = h
±
3 (z) = h4(z).
Inserting the above formulas into (10.11) gives us (10.7)–(10.9).
Finally, the fact that ξ4 > 0 on the positive axis (see (2.15)) allows us to conclude from
(2.16) that
ξ4(z) ∼ 3(β2 − α2)1/3z−2/3, z → 0,
which in turn implies (10.10).
This completes the proof of Proposition 10.3.
The explicit construction of P is based on the bare Meijer-G parametrix which is described
in the next section.
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10.1 The Meijer-G parametrix of Bertola-Bothner
The model RH problem we need to solve for P was introduced by Bertola and Bothner in
the context of a model of several coupled positive-definite matrices [11], which is called ‘bare
Meijer-G parametrix for p-chain’, p = 2, 3, . . ., therein. The one that is relevant to the present
work corresponds to the case p = 2 and reads as follows.2
RH Problem 10.4. The function Ψ is a 3× 3 matrix-valued function satisfying the following
properties:
(1) Ψ is defined and analytic in C \ ΓΨ, where
ΓΨ :=
5⋃
k=0
Γk, Γk = e
k pii
3 [0,+∞), k = 0, . . . , 5,
with the orientations as shown in Figure 4.
(2) Ψ satisfies the jump condition
Ψ+(z) = Ψ−(z)JΨ(z), z ∈ ΓΨ,
where
JΨ(z) =

 0 z
κ 0
−z−κ 0 0
0 0 1
 , z ∈ Γ0,
 1 0 0z−κ 1 0
0 0 1
 , z ∈ Γ1 ∪ Γ5,
1 0 00 1 0
0 −cν−κzκ−ν 1
 , z ∈ Γ2 ∪ Γ4,
1 0 00 0 −|z|ν−κ
0 |z|κ−ν 0
 , z ∈ Γ3.
(10.12)
(3) As z → 0, Ψ has at worse a power-log singularity. In particular, we have, as z → 0,
Ψ(z)
(
1 0 0
)T
= O(1). (10.13)
2 For convenience, the correspondence between our notations and those used in [11] is listed below:
a1 = κ, a2 = ν − κ, A1 = −ν − κ, A2 = 2κ− ν, A3 = 2ν − κ,
and
(aj,k)j,k=1,2 =
κ ν
0 ν − κ
 , Ω± = diag(ω±, ω∓, 1).
Moreover, in [11], ω = ωBB = e
pii/3, so ω2BB = ω and the contours are
r0 = Γ0, r1 = Γ1, r2 = Γ5, r3 = Γ2, r4 = Γ4, r5 = Γ3,
with all the rk’s oriented from the origin towards ∞.
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Figure 4: The jump contour ΓΨ for the model RH problem Ψ and the regions Θk, k = 0, . . . , 5.
(4) As z →∞ with ± Im z > 0, we have
Ψ(z) = z−
B
3 U±K(z)z−A3 diag(e−3z1/3ω± , e−3z1/3ω∓ , e−3z1/3), (10.14)
where the diagonal matrices A and B are as in (8.17) and (8.18), U± are given in (8.14)
and K admits an asymptotic expansion of the form
K(z) ∼ I3 +
∞∑
j=1
Kj
z
j
3
, z →∞, (10.15)
where the coefficient Kj , j = 1, 2, 3, . . ., possibly depends on the sector Θj , j = 0, . . . , 5,
along which z → ∞. Here, Θk, k = 0, 1, . . . , 5, denotes the region between the contours
Γk and Γk+1; see Figure 4 for an illustration.
The precise asymptotic behavior of Ψ as z → 0 depends on whether the values κ and ν are
zero or equal to one another. This behavior is indicated in [11] as the behavior of certain iterated
Cauchy transforms (see the RH Problem 4.22 and also equations (2.6) and (2.7) therein), but
for our purposes the behavior as in item (3) above will suffice.
In the construction carried out by Bertola and Bothner [11, Theorem 4.23], they actually
only show thatK(z) = I+O(z−1/3). Nevertheless, the existence of the full asymptotic expansion
as in (10.15) follows from the existence of the asymptotic expansion for the entries of Ψ which,
as we now explain, are given by Meijer G-functions - hence this parametrix bears the name the
Meijer-G parametrix.
To describe it, recall that the Meijer G-function is given by the following contour integral
in the complex plane:
Gm,np,q
(
a1, . . . , ap
b1, . . . , bq
∣∣∣ ζ) = 1
2pii
∫
L
∏m
j=1 Γ(bj + u)
∏n
j=1 Γ(1− aj − u)∏q
j=m+1 Γ(1− bj − u)
∏p
j=n+1 Γ(aj + u)
ζ−u du. (10.16)
Here, it is assumed that
• 0 ≤ m ≤ q and 0 ≤ n ≤ p, where m,n, p and q are integer numbers;
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• The real or complex parameters a1, . . . , ap and b1, . . . , bq satisfy the conditions
ak − bj 6= 1, 2, 3, . . . , for k = 1, 2, . . . , n and j = 1, 2, . . . ,m,
i.e., none of the poles of Γ(bj+u), j = 1, 2, . . . ,m coincides with any poles of Γ(1−ak−u),
k = 1, 2, . . . , n.
The contour L is chosen in such a way that all the poles of Γ(bj + u), j = 1, . . . ,m, are on the
left of the path, while all the poles of Γ(1 − ak − u), k = 1, . . . , n, are on the right, which is
usually taken to go from −i∞ to i∞. We now set
g1(z) =
c1
2pii
∫
L
Γ(s)
Γ(1 + κ− s)Γ(1 + ν − s)z
−s ds = c1G
1,0
0,3
( −
0,−κ,−ν
∣∣∣ z) ,
g
(±)
2 (z) =
c2
2pii
∫
L
Γ(s+ κ)Γ(s)
Γ(1 + ν − κ− s)e
±piisz−s ds = c2G
2,0
0,3
( −
0, κ, κ− ν
∣∣∣ e∓piiz) ,
g3(z) =
c3
2pii
∫
L
Γ(s+ ν)Γ(s+ ν − κ)Γ(s)z−s ds = c3G3,00,3
( −
0, ν − κ, ν
∣∣∣ z) ,
where
ck = (2pii)
3−k
√
3
2pi
, k = 1, 2, 3,
and define the auxiliary function
Ψ̂(z) =

g1(z) g
(±)
2 (z) g3(z)
z dg1dz (z)
(
z ddz − κ
)
g
(±)
2 (z)
(
z ddz − ν
)
g3(z)(
z ddz
)2
g1(z)
(
z ddz − κ
)2
g
(±)
2 (z)
(
z ddz − ν
)2
g3(z)
 , ± Im z > 0.
Then, the solution to the model RH problem 10.4 for Ψ is given by
Ψ(z) =

Ψ̂(z), z ∈ Θ1 ∪Θ4,
Ψ̂(z) diag
(
1,
(
1 0
cν−κ zκ−ν 1
))
, z ∈ Θ2,
Ψ̂(z) diag
((
1 0
−z−κ 1
)
, 1
)
, z ∈ Θ0,
Ψ̂(z) diag
(
1,
(
1 0
−cν−κ zκ−ν 1
))
, z ∈ Θ3,
Ψ̂(z) diag
((
1 0
z−κ 1
)
, 1
)
, z ∈ Θ5,
(10.17)
recall that the region Θk, k = 0, 1, . . . , 5, is shown in Figure 4.
We conclude this section with some auxiliary results for later purposes.
Lemma 10.5. The matrix-valued function
Q1(z) = z
−B
3 U± diag(e−3z1/3ω± , e−3z1/3ω∓ , e−3z1/3)(U±)−1z B3 , ± Im z > 0, (10.18)
is entire, where the matrices B and U± are defined in (8.18) and (8.14). Similarly, for any
function ϑ analytic near the origin, the matrix-valued function
Q2(z) = z
−B
3 U± diag(ez2/3ω∓ϑ(z), ez2/3ω±ϑ(z), ez2/3ϑ(z))(U±)−1z B3 , ± Im z > 0,
is analytic near the origin as well.
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Proof. Both Q1 and Q2 take the form
Q(z) = z−
B
3 U± diag(eϑ1(z), eϑ2(z), eϑ3(z))(U±)−1z B3 ,
where ϑ1, ϑ2 and ϑ3 are analytic functions on V \R (V = C for Q1, and V is a neighborhood of
the origin for Q2), with jumps across R related through
ϑ1,+(x)− ϑ2,−(x) = ϑ2,+(x)− ϑ1,−(x) = ϑ3,+(x)− ϑ3,−(x) = 0, x > 0,
ϑ1,+(x)− ϑ1,−(x) = ϑ2,+(x)− ϑ3,−(x) = ϑ3,+(x)− ϑ2,−(x) = 0, x < 0.
After a cumbersome but straightforward calculation, these relations combined assure us that Q
has no jumps across the real axis, so z = 0 is an isolated singularity of Q. Furthermore, it is
clear that
Q(z) = O(z−2/3),
so z = 0 is actually a removable singularity of Q, as required.
This completes the proof of Lemma 10.5.
10.2 Construction of the local parametrix P
We now construct the parametrix P that solves the RH problem 10.2. To do so, recall the
function f4(z) given in Proposition 10.3 and set
ϕ(z) =
1
27
z(f4(z))
3.
From Proposition 10.3, it follows that the function ϕ is conformal in a neighborhood of z = 0.
Even more so, we actually have
ϕ(z) = z(β2 − α2)(1 +O(z)), z → 0. (10.19)
Furthermore, by deforming the lenses if needed, we can assume that ΓS ∩D(r) is mapped by
z 7→ n3ϕ(z) to the union of the contours Γ0 ∪ · · · ∪ Γ5 and, in virtue of (10.19), also that
ϕ((0, r)) ⊂ Γ0. We then define
P (z) = diag
(
1,
(n
3
f4(z)
)B
Ψ(n3ϕ(z))
(n
3
f4(z)
)A)
, z ∈ D(r) \ ΓS . (10.20)
where Ψ is the Meijer-G parametrix (10.17), and the matrices A,B are given in (8.17) and
(8.18), respectively.
Proposition 10.6. The matrix-valued function P (z) defined in (10.20) solves the RH problem
10.2.
Proof. It is easily seen that P is analytic on D(r) \ ΓS . To show P satisfies other items of the
RH problem 10.2, we start with checking the jump condition. If z ∈ (0, r), with JΨ defined in
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(10.12), we have
JP (z) = P−(z)−1P+(z)
= diag
(
1,
(n
3
f4(z)
)−A
−
JΨ(n
3ϕ(z))
(n
3
f4(z)
)A
+
)
= I4 +
(n
3
f4(z)
)−ν−κ (
n3ϕ(z)
)κ (n
3
f4(z)
)ν−2κ
E23
−
(n
3
f4(z)
)−ν+2κ (
n3ϕ(z)
)−κ (n
3
f4(z)
)ν+κ
E32
= I4 +
(n
3
f4(z)
)−3κ (n
3
z
1
3 f4(z)
)3κ
E23 −
(n
3
f4(z)
)3κ (n
3
z
1
3 f4(z)
)−3κ
E32
= diag
1,
 0 zκ
−z−κ 0
 , 1
 ,
as expected. The jump matrix of P on other parts of D(r) ∩ ΓS can be computed similarly,
we omit the details here. Finally, the behavior of P near the origin follows from the behavior
of Ψ given in item (3) of the RH problem 10.4 and the fact that all the other terms in (10.20)
remain bounded as z → 0.
This completes the proof of Proposition 10.6.
We further set
P̂ (z) := P (z) diag
(
1,diag(enλ̂
±
k+1(z))3k=1
)
, (10.21)
where the functions λ̂±k (z), k = 2, 3, 4, are defined in (10.5). On account of (10.3) and (10.6), it
is easily seen that P̂ (z) satisfies the same jump condition as L0 for z ∈ ΓS ∩D(r) and item (3)
of the RH problem 10.1 for L0. As shown later, we will solve the RH problem 10.1 with the aid
of P̂ . For that purpose, we next explore the asymptotics of P̂ on the boundary of the disk.
From now on, we assume, as mentioned before, that δ > 0 is sufficiently small and fixed but
make r = rn shrink with n, namely,
r = rn = n
− 3
2 . (10.22)
Since
n3ϕ(z)→∞, z ∈ ∂D(rn), n→∞,
under the scaling (10.22), we can use (10.21), (10.20) and (10.14) to compute
P̂ (z) = diag
(
1,
(n
3
f4(z)
)B
Ψ(n3ϕ(z))
(n
3
f4(z)
)A
diag(enλ̂
±
k+1(z))3k=1
)
,
= diag
(
1, z−
B
3 K(z)U±z−A3Dn(z)
)
, z ∈ ∂D(rn), n→∞, (10.23)
where K = Kn is an error matrix explicitly given by
K(z) := U±K(n3ϕ(z))(U±)−1, ± Im z > 0, (10.24)
with K being given in the asymptotic formula (10.14), and
Dn(z) = diag
(
en(λ̂
±
2 (z)−3ω±ϕ(z)1/3), en(λ̂
±
3 (z)−3ω∓ϕ(z)1/3), en(λ̂
±
4 (z)−3ϕ(z)1/3)
)
= enzh4(z) diag
(
enω
∓z2/3g4(z), enω
±z2/3g4(z), enz
2/3g4(z)
)
, ± Im z > 0. (10.25)
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In the second equality of (10.25), we have made use of Proposition 10.3, which also implies that
Dn(z) remains bounded for z ∈ D(rn) under the scaling (10.22). By defining
D̂n(z) := diag
(
1, (n3/2z)−
B
3 U±Dn(z)(U±)−1(n3/2z)B3
)
, ± Im z > 0, (10.26)
it then follows from (8.16) that
diag
(
1, z−
B
3 U±z−A3Dn(z)
)
= n
B̂
2 D̂n(z)n
− B̂
2 diag
(
1, z−
B
3 U±z−A3
)
= n
B̂
2 D̂n(z)n
− B̂
2 Ĝ(z)−1G(z),
where
B̂ := diag(0, B) = diag(0, 1, 0,−1). (10.27)
Thus, we could rewrite the asymptotics in (10.23) as
P̂ (z) = diag
(
1, z−
B
3 K(z)z B3
)
n
B̂
2 D̂n(z)n
− B̂
2 Ĝ(z)−1G(z), (10.28)
for z ∈ ∂D(rn) and n→∞.
We will need some auxiliary results on the matrices K and D̂n in the above formula that we
discuss next.
Lemma 10.7. With the function K(z) defined in (10.24), we have that for z ∈ ∂D(rn) and
large n, K(z) admits a formal asymptotic expansion of the form
K(z) ∼ I3 +
∞∑
j=1
Kj
njz
j
3
, (10.29)
where the matrix coefficients Kj are independent of z and n, and take the following structures:
Kj =

∗ 0 00 ∗ 0
0 0 ∗
 , j ≡ 0 mod 3,
0 0 ∗∗ 0 0
0 ∗ 0
 , j ≡ 1 mod 3,
0 ∗ 00 0 ∗
∗ 0 0
 , j ≡ 2 mod 3.
(10.30)
Proof. If z ∈ ∂D(rn), we have that z = O(n− 32 ) and n3ϕ(z) = O(n3z) = O(n 32 ), so the existence
of the expansion (10.29) with coefficients independent of n, but possibly depending on the sector
along which z →∞, follows from the asymptotic expansion of K given in (10.15).
Let u ∈ C be a dummy variable. It follows from a calculation similar to that carried out
in the proof of Proposition 8.6 that Ψ(u)u
A
3 (U±)−1uB3 has no jump on R \ {0}. Furthermore,
from (10.14), we find that
Ψ(u)u
A
3 (U±)−1uB3 = u−B3 U±K(u)(U±)−1uB3 Q1(u), u→∞, ± Imu > 0,
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where Q1 defined in (10.18) is an entire function. Setting u = n
3ϕ(z), this yields
z−
B
3 K(z)z B3 =
(n
3
f4(z)
)B
Ψ(u)u
A
3 (U±)−1uB3 Q1(u)−1
(n
3
f4(z)
)−B
, (10.31)
which should be understood in the scaling (10.22) and n sufficiently large but fixed. Now,
the functions in u appearing on the right-hand side of (10.31) do not have jumps on the real
axis, and neither do the functions in z because they are entire. Thus, the right-hand side
admits an asymptotic expansion in integer powers of z (recall that u = u(z) is conformal), with
n-dependent coefficients.
On the other hand, the left-hand side admits an asymptotic expansion in inverse powers of
z
1
3 , but possibly with different coefficients in different sectors of the plane. A comparison of the
asymptotic expansions on both sides then yields that the expansion
z−
B
3 K(z)z B3 ∼ I3 +
∞∑
j=1
z−
B
3 Kjz B3 1
njz
j
3
must involve only inverse integer powers, and furthermore the coefficients should not depend
on the sector along which z →∞. Further noticing the identity
z−
B
3 Kjz B3 = O

1 z−
1
3 z−
2
3
z
1
3 1 z−
1
3
z
2
3 z
1
3 1
 ,
we then conclude the structure (10.30).
This completes the proof of Lemma 10.7.
For any a, b, c ∈ C, it is straightforward to verify the following commutation relations:
z−
B
3

0 0 a
b 0 0
0 c 0
 z B3 =

0 0 0
b 0 0
0 c 0
 z 13 +

0 0 a
0 0 0
0 0 0
 z− 23 ,
z−
B
3

0 a 0
0 0 b
c 0 0
 z B3 =

0 0 0
0 0 0
c 0 0
 z 23 +

0 a 0
0 0 b
0 0 0
 z− 13 .
(10.32)
Thus, we obtain from (10.32), Lemma 10.7 and a rearrangement of terms that for z ∈ ∂D(rn)
and large n,
diag
(
1, z−
B
3 K(z)z B3
)
= nB̂
(
I4 + T0 + E
(1)
n (z)
)
n−B̂, (10.33)
where the matrix T0 is a strictly lower triangular constant matrix with first column zero, and
the error term E
(1)
n admits an asymptotic expansion of the form
E(1)n (z) ∼
∞∑
j=1
(I4 + T0)A
(1)
j
n3jzj
, z ∈ ∂D(rn), n→∞, (10.34)
with the coefficients A
(1)
j being independent of n. In (10.34), the factor I4 + T0 is added just
for later convenience, to avoid some coming cumbersome notations.
To explore the properties of D̂n, we need the following basic fact.
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Lemma 10.8. Suppose that {Mn(z)} is a sequence of matrix-valued functions, analytic and
uniformly bounded in a neighborhood D(2ε) of the origin with ε = εn → 0 as n→∞. Then, we
have
Mn(z)−Mn(w) = O(ε−1(z − w)), (10.35)
and
Mn(z) = Mn(0) +O(ε−1z), (10.36)
uniformly for z, w ∈ D (ε) as n→∞.
Proof. The estimate (10.36) follows immediately from (10.35). To show (10.35), we fix z, w ∈
D(ε) and use Cauchy’s Theorem to write
Mn(z)−Mn(w) = 1
2pii
(∮
|t|=2ε
Mn(t)
t− z dt−
∮
|t|=2ε
Mn(t)
t− w dt
)
=
z − w
2pii
∮
|t|=2ε
Mn(t)
t− z
dt
t− w.
Because {Mn(z)} is uniformly bounded, the identity above immediately implies (10.35).
This completes the proof of Lemma 10.8.
We finally state the consequence for D̂n explicitly, as it will be used repeatedly in the next
section.
Proposition 10.9. The matrix-valued function D̂n(z) defined in (10.26) is invertible. Further-
more, the matrices D̂n(z)
±1 are analytic near the origin and uniformly bounded for z ∈ D(rn)
as n→∞ with the estimates
D̂n(z)
±1 − D̂n(w)±1 = O(n3/2(z − w)), (10.37)
and
D̂n(z)
±1 = D̂n(0)±1 +O(n3/2z), (10.38)
all valid uniformly for z, w ∈ D (rn) as n→∞.
Proof. The invertibility of D̂n follows immediately from its definition (10.26). For ease of
notation, we will focus on D̂n in what follows, since the arguments for D̂
−1
n are essentially the
same.
Recalling the definition of Dn given in (10.25), the fact that D̂n is analytic near the origin
follows from a direct application of the second part of Lemma 10.5. Moreover, under the scaling
(10.22), the function Dn(z) as well as (n
3/2z)±B/3 remain uniformly bounded for z ∈ ∂D(rn)
as n → ∞. This implies that D̂n is uniformly bounded for z ∈ ∂D(rn) and, as a consequence
of the maximum principle, also on the whole set D(rn). The estimates (10.37) and (10.38) are
then immediate from Lemma 10.8. This completes the proof of Proposition 10.9.
10.3 Construction of the local parametrix L0
With the above preparations, we are finally ready to build a solution to the RH problem
10.1 for L0, construction which is carried out in five steps as explained next.
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Initial step
As the initial step, we define
L
(1)
0 (z) =
Ĝ(z)n
B̂
2 D̂n(z)
−1n−
B̂
2 P̂ (z), z ∈ D(rn) \ ΓS ,
G(z), z ∈ D(δ) \
(
D(rn) ∪ (−δ, δ)
)
,
(10.39)
where the matrices Ĝ and P̂ are given in (8.16) and (10.21), respectively. We then have the
following proposition.
Proposition 10.10. The matrix-valued function L
(1)
0 (z) defined in (10.39) satisfies items (1)–
(3) and the matching condition (10.1) of the RH problem 10.1 for L0. Moreover, we have, as
n→∞,
L
(1)
0,+(z) = (I4 +O(n1/2))L(1)0,−(z), z ∈ ∂D(rn) \ ΓS . (10.40)
Proof. Note that P̂ is analytic in D(rn) \ ΓS and the global parametrix G is analytic in C \
(−∞, p]. Thus, the analyticity properties of L0 claimed in item (1) follows from the fact that
both Ĝ(z) and D̂n(z)
−1 are analytic everywhere near z = 0. The jumps claimed in item (2)
follow from the jumps of P̂ and G and again by the analyticity of Ĝ(z) and D̂n(z)
−1. The local
behavior of L
(1)
0 near z = 0 can be seen from the behavior of P̂ near z = 0 and it is also easily
seen that the matching condition (10.1) is actually exact.
To show (10.40), we obtain from (10.39), (10.28) and (10.33) that, for z ∈ ∂D(rn) \ ΓS and
n→∞,
L
(1)
0 (z) = Ĝ(z)n
B̂
2 D̂n(z)
−1n
B̂
2
(
I4 + T0 + E
(1)
n (z)
)
n−
B̂
2 D̂n(z)n
− B̂
2 Ĝ(z)−1G(z). (10.41)
Since T0 is a strictly lower triangular constant matrix with first column zero, we have
n
B̂
2 T0n
− B̂
2 = O(n−1/2),
and by (10.34),
n
B̂
2 E(1)n (z)n
− B̂
2 = O(n−1/2), z ∈ ∂D(rn) \ ΓS .
Inserting the above two estimates into (10.41), we arrive at (10.40) on account of the analiticity
and boundedness in n of both Ĝ(z) and D̂−1n (z) near the origin.
This completes the proof of Proposition 10.10.
In view of (10.40), it follows that the matching condition (10.2) is not satisfied. The next
few steps are then devoted to refine the error term in (10.40).
Second step towards the matching
In the second step, we eliminate the term T0 in (10.41) by defining
L
(2)
0 (z)
=

Ĝ(z)n
B̂
2 D̂n(z)
−1n
B̂
2
× (I4 + T0)−1 n− B̂2 D̂n(z)n− B̂2 Ĝ(z)−1L(1)0 (z), z ∈ D(rn) \ ΓS ,
L
(1)
0 (z) = G(z), z ∈ D(δ) \
(
D(rn) ∪ (−δ, δ)
)
.p
(10.42)
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On account of the triangularity structure of T0, we have that T
3
0 = 0, which implies
(I4 + T0)
−1 = I4 − T0 + T 20 . (10.43)
Thus, L
(2)
0 is well defined, and it has the follow properties.
Proposition 10.11. The matrix-valued function L
(2)
0 (z) defined in (10.42) satisfies items (1)–
(3) and the matching condition (10.1) of the RH problem 10.1 for L0. Moreover, we have, as
n→∞,
L
(2)
0,+(z) = (I4 +O(n1/2))L(2)0,−(z), z ∈ ∂D(rn) \ ΓS . (10.44)
To prove the above proposition and for later convenience, we need the following lemma,
which is a version of the key observation [37, Proposition 5.15] adapted to our setting.
Lemma 10.12. With A
(1)
k , k = 1, 2, . . ., being the constant matrix in (10.34), define
A
(2)
k (z) := D̂n(z)
−1n
B̂
2 A
(1)
k n
− B̂
2 D̂n(z). (10.45)
Then, A
(2)
k (z) is analytic near the origin, and we have, as n→∞, for any indices k1, k2, . . . , km,
A
(2)
k1
(z)A
(2)
k2
(z) · · ·A(2)km(z) = O(n), (10.46)
uniformly for z ∈ D(rn), and
A
(2)
k1
(z1)A
(2)
k2
(z2) · · ·A(2)km(zm) = O(nm−l), (10.47)
uniformly for z1, . . . , zm ∈ D(rn), where
l := #{j|1 ≤ j ≤ m, zj = zj+1}.
Proof. The analyticity of A
(2)
k (z) near the origin follows directly from its definition and the
analyticity of D̂n(z)
±1.
By (10.45), it is readily seen that
A
(2)
k1
(z) · · ·A(2)km(z) = D̂n(z)−1n
B̂
2 A
(1)
k1
· · ·A(1)kmn−
B̂
2 D̂n(z).
This, together with the fact that D̂n(z) remains bounded for z ∈ D(rn) as n→∞ (see Propo-
sition 10.9) gives us (10.46). The proof of (10.47) is similar to that of (10.46), we omit the
details here.
This completes the proof of Lemma 10.12.
Proof of Proposition 10.11 In (10.42), the factor multiplying L
(1)
0 to the left is analytic on
D(δ), which then gives that L
(2)
0 still satisfies items (1)–(3) of the RH problem 10.1, and the
matching condition (10.1) is obvious as well.
To show (10.44), we see from (10.42), (10.41) and (10.34) that
L
(2)
0,+(z)L
(2)
0,−(z)
−1
= Ĝ(z)n
B̂
2 D̂n(z)
−1n
B̂
2 (I4 + T0)
−1 n−
B̂
2 D̂n(z)n
− B̂
2 Ĝ(z)−1L(1)0 (z)G(z)
−1
= Ĝ(z)n
B̂
2 D̂n(z)
−1n
B̂
2 (I4 + T0)
−1 (I4 + T0 + E(1)n (z))n
− B̂
2 D̂n(z)n
− B̂
2 Ĝ(z)−1
= Ĝ(z)
(
I4 + n
B̂
2 D̂n(z)
−1n
B̂
2 (I4 + T0)
−1E(1)n (z)n
− B̂
2 D̂n(z)n
− B̂
2
)
Ĝ(z)−1
= Ĝ(z)
(
I4 +
n
B̂
2 A
(2)
1 (z)n
− B̂
2
n3z
+ E(2)n (z)
)
Ĝ(z)−1, (10.48)
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uniformly for z ∈ ∂D(rn) as n→∞, where
E(2)n (z) ∼
∞∑
k=2
n
B̂
2 A
(2)
k (z)n
− B̂
2
n3kzk
, z ∈ ∂D(rn), n→∞. (10.49)
and A
(2)
k (z) is defined in (10.45).
By (10.46) and (10.22), it follows that
n
B̂
2 A
(2)
1 (z)n
− B̂
2
n3z
= O(n1/2), z ∈ ∂D(rn), n→∞.
Similarly, we obtain from (10.49), (10.46) and (10.22) that
E(2)n (z) = O(n−1), z ∈ ∂D(rn), n→∞.
A combination of the above two estimates, (10.48) and Proposition 8.6 then gives us (10.44).
This completes the proof of Proposition 10.11.
Third step towards the matching
In the third step, we eliminate the growing term in (10.48) by defining
L
(3)
0 (z) =
Ĝ(z)n
B̂
2
(
I4 − A
(2)
1 (z)−A(2)1 (0)
n3z
)
n−
B̂
2 Ĝ(z)−1L(2)0 (z), z ∈ D(rn) \ ΓS ,
Ĝ(z)n
B̂
2
(
I4 − A
(2)
1 (0)
n3z
)−1
n−
B̂
2 Ĝ(z)−1L(2)0 (z), z ∈ D(δ) \
(
D(rn) ∪ (−δ, δ)
)
.
(10.50)
Here, we observe from (10.46) and (10.22) that, as n→∞,
A
(2)
1 (0)
n3z
=
{
O(n−1/2), z ∈ ∂D(rn),
O(n−2), z ∈ ∂D(δ), (10.51)
which implies that the inverse of I4 − A
(2)
1 (0)
n3z
is well-defined in the definition of L
(3)
0 . We then
have the following proposition.
Proposition 10.13. The matrix-valued function L
(3)
0 (z) defined in (10.50) satisfies items (1)–
(3) and the matching condition (10.1) of the RH problem 10.1 for L0. Moreover, we have, as
n→∞,
L
(3)
0,+(z) = (I4 +O(1))L(3)0,−(z), z ∈ ∂D(rn) \ ΓS . (10.52)
Proof. As before, the fact that the prefactors multiplying L
(2)
0 to the left are analytic makes
sure that L
(3)
0 , too, satisfies items (1)–(3) of the RH problem 10.1. Since L
(2)
0 already satisfies
(10.1), it is then easily seen from (10.51) that L
(3)
0 satisfies (10.1) as well.
To show (10.52), we begin with some elementary estimates. From Lemma 10.12 and (10.49),
it is easily seen that for z1, z2 ∈ ∂D(rn) and n→∞,
n−
B̂
2 E(2)n (z1)n
B̂
2 = O(n−2), A
(2)
1 (z1)A
(2)
1 (z2)
n6z22
=
{
O(n−1), z1 6= z2,
O(n−2), z1 = z2.
(10.53)
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Thus, it follows from (10.51) and the above formula that(
I4 − A
(2)
1 (z)−A(2)1 (0)
n3z
)(
I4 +
A
(2)
1 (z)
n3z
+ n−
B̂
2 E(2)n (z)n
B̂
2
)
= I4 +
A
(2)
1 (0)
n3z
+
A
(2)
1 (0)A
(2)
1 (z)
n6z2
+O(n−2),
uniformly on ∂D(rn) as n→∞. Combining this with (10.48), (10.50), (10.51) and (10.53), we
get that, as n→∞,
L
(3)
0,+(z)L
(3)
0,−(z)
−1
= Ĝ(z)n
B̂
2
(
I4 − A
(2)
1 (z)−A(2)1 (0)
n3z
)
n−
B̂
2 Ĝ(z)−1L(2)0,+(z)L
(2)
0,−(z)
−1
× Ĝ(z)n B̂2
(
I4 − A
(2)
1 (0)
n3z
)
n−
B̂
2 Ĝ(z)−1
= Ĝ(z)n
B̂
2
(
I4 − A
(2)
1 (z)−A(2)1 (0)
n3z
)(
I4 +
A
(2)
1 (z)
n3z
+ n−
B̂
2 E(2)n (z)n
B̂
2
)
×
(
I4 − A
(2)
1 (0)
n3z
)
n−
B̂
2 Ĝ(z)−1
= Ĝ(z)n
B̂
2
(
I4 +
A
(2)
1 (0)
n3z
+
A
(2)
1 (0)A
(2)
1 (z)
n6z2
+O(n−2)
)(
I4 − A
(2)
1 (0)
n3z
)
n−
B̂
2 Ĝ(z)−1
= Ĝ(z)n
B̂
2
(
I4 +
A
(2)
1 (0)A
(2)
1 (z)
n6z2
− A
(2)
1 (0)A
(2)
1 (z)A
(2)
1 (0)
n9z3
+O(n−2)
)
n−
B̂
2 Ĝ(z)−1, (10.54)
uniformly for z ∈ ∂D(rn). Again, by Lemma 10.12, we see that
n
B̂
2
A
(2)
1 (0)A
(2)
1 (z)
n6z2
n−
B̂
2 = O(1), n B̂2 A
(2)
1 (0)A
(2)
1 (z)A
(2)
1 (0)
n9z3
n−
B̂
2 = O(n−1/2),
uniformly on ∂D(rn) as n→∞. Inserting the above estimates into (10.54) gives us (10.52).
This completes the proof of Proposition 10.13.
As a preparation for the next step, we now introduce some new functions to rewrite (10.54)
in a convenient form. With A
(2)
1 (z) defined in (10.45), write
A
(2)
1 (0)A
(2)
1 (z) = zA
(3)
1 (z) +A
(2)
1 (0)
2, (10.55)
where
A
(3)
1 (z) :=
1
z
A
(2)
1 (0)(A
(2)
1 (z)−A(2)1 (0)) (10.56)
is analytic on D(rn). In view of Lemma 10.12, we have
A
(3)
1 (z) = O(n7/2), (10.57)
and by applying Lemma 10.8 to the bounded analytic function A
(3)
1 (z)/n
7/2, it follows that
A
(3)
1 (z) = A
(3)
1 (0) +O(n5z), (10.58)
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both of which being valid uniformly for z ∈ D(rn) as n→∞. Combining (10.55) with (10.53)
then gives us
A
(2)
1 (0)A
(2)
1 (z)
n6z2
=
A
(3)
1 (z)
n6z
+O(n−2). (10.59)
In a way similar to (10.55), we also rewrite the other fraction in (10.54) into the form
− A
(2)
1 (0)A
(2)
1 (z)A
(2)
1 (0)
n9z3
=
A
(3)
2 (z)
n9z
+
A
(2)
1 (z)
3 −A(2)1 (z)2A(2)1 (0)−A(2)1 (0)A(2)1 (z)2
n9z3
, (10.60)
where
A
(3)
2 (z) =
1
z2
(A
(2)
1 (z)−A(2)1 (0))A(2)1 (z)(A(2)1 (0)−A(2)1 (z)) (10.61)
is an analytic function near the origin. Applying the same arguments as in (10.57) and (10.58),
it is readily seen that
A
(3)
2 (z) = O(n6), A(3)2 (z) = A(3)2 (0) +O(n15/2z), (10.62)
which is valid, as always, uniformly for z ∈ D(rn) as n→∞. Due to the decomposition (10.60),
we again obtain from Lemma 10.12 that
− A
(2)
1 (0)A
(2)
1 (z)A
(2)
1 (0)
n9z3
=
A
(3)
2 (z)
n9z
+O(n−5/2). (10.63)
Inserting the estimates (10.59) and (10.63) into (10.54) we obtain
L
(3)
0,+(z)L
(3)
0,−(z)
−1 = Ĝ(z)n
B̂
2
(
I4 +
A
(3)
1 (z)
n6z
+
A
(3)
2 (z)
n9z
+O(n−2)
)
n−
B̂
2 Ĝ(z)−1, (10.64)
uniformly valid for z ∈ ∂D(rn) as n→∞.
Fourth step towards the matching
In a format already familiar to the reader, we define in the fourth step the following trans-
formation:
L
(4)
0 (z) =
Ĝ(z)n
B̂
2
(
I4 − A
(3)
1 (z)−A(3)1 (0)
n6z
)
n−
B̂
2 Ĝ(z)−1L(3)0 (z), z ∈ D(rn) \ ΓS ,
Ĝ(z)n
B̂
2
(
I4 − A
(3)
1 (0)
n6z
)−1
n−
B̂
2 Ĝ(z)−1L(3)0 (z), z ∈ D(δ) \
(
D(rn) ∪ (−δ, δ)
)
,
(10.65)
where A
(3)
1 (z) is given in (10.56). In view of (10.57), it follows that, as n→∞,
A
(3)
1 (0)
n6z
=
{
O(n−1), z ∈ ∂D(rn),
O(n−5/2), z ∈ ∂D(δ),
which implies that the inverse of I4− A
(3)
1 (0)
n6z
is well defined, and thus is L
(4)
0 . Furthermore, we
have the following proposition.
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Proposition 10.14. The matrix-valued function L
(4)
0 (z) defined in (10.65) satisfies items (1)–
(3) and the matching condition (10.1) of the RH problem 10.1 for L0. Moreover, we have, as
n→∞,
L
(4)
0,+(z) = (I4 +O(n−1/2))L(4)0,−(z), z ∈ ∂D(rn) \ ΓS . (10.66)
Proof. It suffices to show (10.66), while the other claims can be verified directly. For z ∈
∂D(rn) \ ΓS and n→∞, it is readily seen from (10.65) and (10.64) that
L
(4)
0,+(z)L
(4)
0,−(z)
−1
= Ĝ(z)n
B̂
2
(
I4 − A
(3)
1 (z)−A(3)1 (0)
n6z
)(
I4 +
A
(3)
1 (z)
n6z
+
A
(3)
2 (z)
n9z
+O(n−2)
)
×
(
I4 − A
(3)
1 (0)
n6z
)
n−
B̂
2 Ĝ(z)−1
= Ĝ(z)n
B̂
2
(
I4 +
A
(3)
1 (0)
n6z
+
A
(3)
2 (z)
n9z
+O(n−2)
)(
I4 − A
(3)
1 (0)
n6z
)
n−
B̂
2 Ĝ(z)−1
= Ĝ(z)n
B̂
2
(
I4 +
A
(3)
2 (z)
n9z
+O(n−2)
)
n−
B̂
2 Ĝ(z)−1, (10.67)
where for the second and third equality we have made use of the estimates (10.57), (10.58) and
(10.62) to suppress the error terms. By (10.62), we further have
A
(3)
2 (z)
n9z
= O(n−3/2), z ∈ ∂D(rn), n→∞,
which, together with (10.67), yields (10.66).
This completes the proof of Proposition 10.14.
Last step towards the matching
As the fifth and last step, we modify L
(4)
0 to
L0(z) = L
(5)
0 (z) =
Ĝ(z)n
B̂
2
(
I4 − A
(3)
2 (z)−A(3)2 (0)
n9z
)
n−
B̂
2 Ĝ(z)−1L(4)0 (z), z ∈ D(rn) \ ΓS ,
Ĝ(z)n
B̂
2
(
I4 − A
(3)
2 (0)
n9z
)−1
n−
B̂
2 Ĝ(z)−1L(4)0 (z), z ∈ D(δ) \
(
D(rn) ∪ (−δ, δ)
)
,
(10.68)
where A
(3)
2 (z) is given in (10.61). In view of (10.62), it follows that, as n→∞,
A
(3)
2 (0)
n9z
=
{
O(n−3/2), z ∈ ∂D(rn),
O(n−3), z ∈ ∂D(δ),
which implies that the inverse of I4− A
(3)
2 (0)
n9z
is well defined, thus so is L
(5)
0 . Following the same
arguments as in the proof of Proposition 10.14, it is straightforward to conclude that
Proposition 10.15. The matrix-valued function L
(5)
0 (z) defined in (10.68) solves the RH prob-
lem 10.1 for L0.
This completes the construction of the local parametrix near the origin.
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11 Final transformation S 7→ R
With the global parametrix G given in Proposition 8.5, the local parametrices Lp and
L−q near p and −q briefly discussed in Section 9 and the local parametrix L0 near the origin
constructed in (10.68), the final transformation is defined by
R(z) =

S(z)L0(z)
−1, z ∈ D(δ),
S(z)Lp(z)
−1, z ∈ Dp(δ),
S(z)L−q(z)−1, z ∈ D−q(δ),
S(z)G(z)−1, C \DR,
(11.1)
where
DR := D(δ) ∪Dp(δ) ∪D−q(δ).
It is then straightforward to check that R satisfies the following RH problem.
RH Problem 11.1. The function R defined in (11.1) has the following properties:
(1) R is defined and analytic in C \ ΓR, where
ΓR := ∂DR ∪ ∂D(rn) ∪ (−q + δ, 0) ∪ (p+ δ,+∞)
∪
 3⋃
j=1
∂L±j
 \ (D(rn) ∪Dp(δ) ∪D−q(δ))
with the orientations as illustrated in Figure 5.
(2) For z ∈ ΓR, R satisfies the jump condition
R+(z) = R−(z)JR(z),
where
JR(z) =

G(z)JS(z)G(z)
−1, z ∈ ΓR \ (DR ∪ (−q + δ, 0)) ,
L0(z)JS(z)L0(z)
−1, z ∈ ⋃
j=2,3
(
∂L±j ∩D(δ) \D(rn)
)
,
I4 − |z|κenφ1(z)G−(z)E21G−(z)−1, z ∈ (−q + δ,−δ),
I4 − |z|κenφ1(z)L0,−(z)E21L0,−(z)−1, z ∈ (−δ, 0),
G(z)Lp(z)
−1, z ∈ ∂Dp(δ),
G(z)L−q(z)−1, z ∈ ∂D−q(δ),
G(z)L0(z)
−1, z ∈ ∂D(δ),
L0,−(z)L0,+(z)−1, z ∈ ∂D(rn),
(11.2)
and where JS(z) is given in (7.7).
(3) As z →∞, we have
R(z) = I4 +O(z−1).
It comes out that the jump matrix of R on each jump contour tends to the identity matrix
for large n with the convergence rate given in the next lemma.
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−q p
Figure 5: The jump contours for the matrix R.
Lemma 11.2. Let JR(z) be defined in (11.2). There exists two positive constants c1, c2 such
that, as n→∞,
JR(z) =

I4 +O(n−1), z ∈ ∂DR ∪ ∂D(rn),
I4 +O(e−c1n1/2), z ∈
⋃
j=2,3
(
∂L±j ∩D(δ) \D(rn)
)
,
I4 +O(e−c2n), elsewhere on ΓR,
(11.3)
uniformly for z on the indicated contours.
Proof. By (11.2), the first estimate of JR(z) in (11.3), that is, on the boundaries of the four
disks ∂DR ∪ ∂D(rn), follows directly from (9.1), (10.1) and (10.2).
For the estimate of JR(z) on
⋃
j=2,3
(
∂L±j ∩D(δ) \D(rn)
)
, we first focus on the case j = 2.
From (11.2) and (7.7), it follows that
JR(z) = I4 + z
−κenφ2(z)L0(z)E32L0(z)−1, z ∈ ∂L±2 ∩D(δ) \D(rn). (11.4)
Since L0(z)
±1 has at most power log singularities near the origin, the estimate of JR(z) then
essentially relies on the behavior of enφ2(z) near z = 0. In view of (4.2), (4.3), (4.10), (10.6) and
Proposition 10.3, we have, for z ∈ ∂L±2 ∩D(δ) \D(rn),
|enφ2(z)| = |en(λ2(z)−λ3(z))| = |en(λ̂±2 (z)−λ̂±3 (z))|
= |en((ω±−ω∓)f4(0)z1/3+O(z2/3))| ≤ e−cn|z|1/3 ,
for some c > 0. Note that |z| > n−3/2 on the annulus D(δ) \ D(rn), which together with the
above estimate and (11.4) gives us
JR(z) = I4 +O(e−cn1/2), z ∈ ∂L±2 ∩D(δ) \D(rn),
for large n. If z ∈ ∂L±3 ∩D(δ)\D(rn), the estimate of JR(z) can be derived in a similar manner,
where one needs to explore the behavior of enφ3(z) near z = 0. We omit the details.
Finally, for z belonging to other parts of ΓR, we note from (11.2) and (7.7) that, if z ∈
(p+ δ,+∞),
JR(z) = I4 + z
κe−nφ2(z)G(z)E23G(z)−1.
Since G(z)±1 grows at most in a power law for large z (see (8.2)) and φ2(z) > c for some c > 0
on (p+ δ,+∞) (see (4.15)), it is immediate to conclude from the above formula that
JR(z) = I4 +O(e−cn), z ∈ (p+ δ,+∞),
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for large n. The estimate of JR(z) on (−q+δ, 0)∪
(
3⋃
j=1
∂L±j
)
\DR can be obtained by applying
similar arguments.
A little extra effort is needed to handle the case z ∈ (−δ, 0). Similarly as above, from (11.2)
and (4.15), it suffices to show that L0(z)E21L0(z)
−1 has power growth in n. To see this, from the
definition of L0 given in (10.68), and tracing back the transformations L
(5)
0 7→ L(4)0 7→ . . . 7→ L(1)0 ,
it is readily seen that
L0(z) = L
(5)
0 (z) = An(z)P̂ (z), |z| < rn,
where the prefactor An is analytic and invertible near the origin, with An and A−1n having at
worse power growth as n → ∞, and P̂ , defined in (10.21), contains the Meijer-G parametrix.
From the structure of P̂ (see the first identity in (10.23)) and from (10.13) we see that, as z → 0,
P̂ (z)
(
0 1 0 0
)T
= O(1),
(
1 0 0 0
)
P̂ (z)−1 = O(1).
Thus,
L0(z)E21L0(z)
−1 = An(z)P̂ (z)
(
0 1 0 0
)T (
1 0 0 0
)
P̂ (z)−1An(z)−1
has at worse power growth as n→∞.
This completes the proof of Lemma 11.2.
As a consequence of the above lemma, we conclude from the standard arguments in the RH
analysis (cf.[22] and [15, Appendix A]) that
R(z) = I4 +O(n−1), n→∞, (11.5)
uniformly for z ∈ C \ ΓR.
12 Proofs of asymptotic results
In this section, we will prove Theorems 2.3 and 2.4 by inverting the transformations (2.24).
12.1 Proof of Theorem 2.3
Let x, y ∈ ∆2 = (0, p) be fixed. In view of the representation of Kn given in (2.23), and hav-
ing in mind (5.6)–(5.7) and the calculation (5.16), we obtain from (5.11) and a straightforward
calculation that
n2Kn
(
n2x, n2y
)
=
1
2pii(x− y)
(
0 0 w2(y)
)
diag
(
A1(y)y
κ
2
σ3 , A2(y)y
κ−ν
2
σ3
)
×X+(y)−1X+(x) diag
(
x
κ
2
σ3A1(x)
−1, x
ν−κ
2
σ3A2(x)
−1
)(
w1(x) 0 0
)T
=
1
2pii(x− y)
(
0 0 1 0
)
X+(y)
−1X+(x)
(
0 xκ 0 0
)T
.
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From (6.1), this becomes
n2Kn
(
n2x, n2y
)
=
1
2pii(x− y)
(
0 0 enλ3,+(y) 0
)
T+(y)
−1T+(x)

0
xκe−nλ2,+(x)
0
0
 .
A further appeal to (7.5) and Proposition 4.2 yields
n2Kn
(
n2x, n2y
)
=
1
2pii(x− y)
(
0 −y−κen(φ2,+(y)+λ3,+(y)) enλ3,+(y) 0
)
S+(y)
−1
× S+(x)
(
0 xκe−nλ2,+(x) en(φ2,+(x)−λ2,+(x)) 0
)T
=
1
2pii(x− y)
(
0 −y−κenλ2,+(y) enλ3,+(y) 0
)
S+(y)
−1
× S+(x)
(
0 xκe−nλ2,+(x) e−nλ3,+(x) 0
)T
. (12.1)
Since both x and y are fixed, we may assume that δ is chosen so as that x and y are outside
the discs around the edges 0 and p. From (11.5) and the analyticity of G+ away from 0 and p,
we obtain that
S+(y)
−1S+(x) = I4 +O(x− y), x→ y, (12.2)
uniformly for x, y ∈ [δ, p− δ] as n→∞. Next, noticing that λ2,±(x) = λ3,∓(x) for x ∈ ∆2 (see
Proposition 4.2), by taking y → x, it then follows from (12.1), (12.2), L’Hoˆpital’s rule, (4.3)
and (2.15) that
n2Kn
(
n2x, n2x
)
= − n
2pii
(ξ3,+(x)− ξ3,−(x)) +O(1) = n
2pii
(
Cµ2+ (x)− Cµ2− (x)
)
+O(1)
= n
dµ2
dx
(x) +O(1),
which implies that
nKn
(
n2x, n2x
)
=
dµ2
dx
(x)
(
1 +O(n−1)) ,
uniformly for x ∈ (δ, p− δ) as n→∞. Similarly, it can be shown that
lim
n→∞nKn
(
n2x, n2x
)
= 0, x > p,
as desired.
This completes the proof of Theorem 2.3 away from the endpoints x = p and x = 0. The
case for x = p can be handled similarly, with the Airy parametrix appearing instead of the
global parametrix G, and with a worse error term.
12.2 Proof of Theorem 2.4
To prove Theorem 2.4, let us start with u and v in the shrinking interval (0, rn) and trace
back all the transformations (2.24). The transformations Y 7→ X and X 7→ T , given in (5.11)
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and (6.1) respectively, are defined globally, whereas the transformation T 7→ S, defined in (7.5),
is the same on the plus side of ∆2. Thus, even for u, v in the shrinking interval (0, rn), it holds
n2Kn(n
2u, n2v) =
1
2pii(u− v)
(
0 −v−κenλ2,+(v) enλ3,+(v) 0
)
× S+(v)−1S+(u)
(
0 uκe−nλ2,+(u) e−nλ3,+(u) 0
)T
; (12.3)
see (12.1). Using now the transformation (11.1) on D(rn) ⊂ D(δ), we obtain
S+(v)
−1S+(u) = L0,+(v)−1R(v)−1R(u)L0,+(u). (12.4)
We now scale
u = un =
x
n3(β2 − α2) and v = vn =
y
n3(β2 − α2) ,
where x, y are in fixed compact subsets of (0,∞). Note that with this scaling the points u and
v fall inside (0, rn) and the calculations above are bona fide. To estimate (12.4) for large n, we
will need the following lemma, which is a refined version of Lemma 10.8.
Lemma 12.1. Suppose that {Mn} is a sequence of matrix-valued functions satisfying the con-
ditions of Lemma 10.8 and for which there exists a bounded sequence of constant matrices {M˜n}
for which
Mn(z)− M˜n = O(δn), n→∞, (12.5)
uniformly for z ∈ ∂D(2εn), where {δn} is a sequence of bounded positive numbers (possibly with
δn → 0 but not necessarily). Then, (10.35) can be improved to
Mn(z)−Mn(w) = O
(
δn
εn
(z − w)
)
, n→∞,
uniformly for z, w ∈ D(εn).
Proof. Similarly as in the proof of Lemma 10.8, we write
Mn(z)−Mn(w) = Mn(z)− M˜n − (Mn(w)− M˜n) = z − w
2pii
∮
|t|=2ε
Mn(t)− M˜n
t− z
dw
t− w.
It remains to estimate the numerator using (12.5), and the lemma follows.
We start estimating R. The following lemma also appears in [37, Lemma 6.5], although the
proof has to be slightly modified to account for the jump of R along (−rn, 0) that appears here
but not in the mentioned work.
Lemma 12.2. The matrix R satisfies
R(vn)
−1R(un) = I4 +O(n−5/2(x− y))
uniformly for x, y in compact subsets of (0,∞).
Proof. For γ being any contour for which R is analytic in its interior and encircling un and vn
counter-clockwise, we write with the help of Cauchy’s integral formula
R(un)−R(vn) = R(un)− I4 − (R(vn)− I4) = un − vn
2pii
∮
γ
R(s)− I4
(s− un)(s− vn) ds.
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We apply this to γ being the boundary of the slit disk D(rn/2) \ (−rn/2, 0] and obtain
R(un)−R(vn) = un − vn
2pii
(∮
|s|= rn
2
R(s)− I4
(s− un)(s− vn) ds+
∫ 0
− rn
2
R+(s)−R−(s)
(s− un)(s− vn) ds
)
. (12.6)
For s ∈ (−rn/2, 0], it is readily seen from Lemma 11.2 that
R+(s)−R−(s) = R−(s)(JR(s)− I4) = O(e−c2n),
where we have also made use of the fact that R remains uniformly bounded near 0. Moreover,
since |s− un|, |s− vn| decay with O(n−3) along the interval (−rn/2, 0], it follows that
un − vn
2pii
∫ 0
− rn
2
R+(s)−R−(s)
(s− un)(s− vn) ds = O
(
(x− y)e−cn) ,
for some constant c > 0. The first integral in (12.6) can be estimated from (11.5) and using the
same approach in the proof of Lemma 12.1, allowing us to conclude that
R(un)−R(vn) = O((x− y)n−5/2),
uniformly for x, y in compact subsets of (0,∞). To conclude the lemma, simply write
R(vn)
−1R(un) = I4 +R(vn)−1(R(un)−R(vn))
and use that R remains bounded near the origin.
This completes the proof of Lemma 12.2.
Next, we need to estimate L0, which is more cumbersome. We start by spelling it out after
unraveling the transformations L0 = L
(5)
0 7→ L(1)0 , which are given in Section 10.3, giving us
that
L0(z) = L̂0(z)P̂ (z),
L̂0(z) := Ĝ(z)n
B̂
2 A(3)(z)A(2)(z)A(1)(z)D̂n(z)−1n B̂2 (I4 + T0)−1 n−B̂,
(12.7)
with
A(j)(z) = I4 − A
(j+1)
1 (z)−A(j+1)1 (0)
n3jz
, j = 1, 2, A(3)(z) = I4 − A
(3)
2 (z)−A(3)2 (0)
n9z
.
Lemma 12.3. The matrix-valued function L̂0(z) defined in (12.7) satisfies
L̂0(vn)
−1L̂0(un) = n
B̂
2
(
I4 +O(n−3/2(x− y))
)
n−
B̂
2 , n→∞,
uniformly for x, y in compact subsets of (0,∞).
Proof. The analyticity of Ĝ and its inverse near the origin (recall Proposition 8.6) and the fact
that they do not depend on n gives
Ĝ(vn)
−1Ĝ(un) = I4 + Ĝ(vn)−1(Ĝ(un)− Ĝ(vn))
= I4 +O(un − vn) = I4 +O((x− y)n−3), n→∞, (12.8)
uniformly for x, y ∈ (0,∞).
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The function A(3) is analytic in a neighborhood of D(rn), and in virtue of (10.62),
A(3)(z)− I4 = O(n−3/2),
so from Lemma 12.1 with δn = n
−3/2 = εn and M˜n = I4, it follows that
A(3)(un)−A(3)(vn) = O(n−3(x− y)),
and consequently as in (12.8)
A(3)(vn)−1A(3)(un) = I4 +O(n−3(x− y)). (12.9)
Similarly, using (10.58), we find that
A(2)(vn)−1A(2)(un) = I4 +O(n−5/2(x− y)). (12.10)
Finally, from (10.45), it is readily seen that
A
(2)
1 (z)D̂n(z)
−1 = D̂n(z)−1n
B̂
2 A
(1)
1 n
− B̂
2 .
This, together with (10.38), implies that
A(1)(z)D̂n(z)−1 = D̂n(z)−1 −
(
D̂n(z)
−1 − D̂n(0)−1
)
n
B̂
2 A
(1)
1 n
− B̂
2
n3z
+
D̂n(0)
−1n
B̂
2 A
(1)
1 n
− B̂
2 O(n3/2z)
n3z
= D̂n(z)
−1 +O(n−1/2).
According to Proposition 10.9, the right-hand side above is bounded, so from Lemma 10.8, we
obtain
D̂n(vn)A(1)(vn)−1A(1)(un)D̂n(un)−1 = I4 +O(n3/2(un − vn)) = I4 +O(n−3/2(x− y)). (12.11)
Moving towards the end of the proof, let us combine all the equations (12.8)–(12.11) into
the definition (12.7) of L̂0 to obtain
L̂0(vn)
−1L̂0(un) = nB̂(I4 + T0)n−
B̂
2
(
I4 +O(n−3/2(x− y))
)
n
B̂
2 (I4 + T0)
−1n−B̂. (12.12)
Now, having in mind (10.43), it follows that
n
B̂
2 (I + T0)n
− B̂
2 = I4 + n
B̂
2 T0n
− B̂
2 with n
B̂
2 T k0 n
− B̂
2 = O(n−1/2), k = 1, 2,
and also
n
B̂
2 (I4 + T0)
−1n−
B̂
2 = I4 − n B̂2 T0n− B̂2 + n B̂2 T 20 n−
B̂
2 .
Plugging these last two identities into (12.12) concludes the proof.
Using Lemmas 12.2 and 12.3 in (12.4), we see that
S+(vn)
−1S+(un) = P̂+(vn)−1n
B̂
2
(
I4 +O(n−3/2(x− y))
)
n−
B̂
2 P̂+(un), n→∞,
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uniformly for x, y in compact subsets of (0,∞). Thus, it is readily seen from (12.3) that
n2Kn
(
x
n(β2 − α2) ,
y
n(β2 − α2)
)
= n2Kn(n
2un, n
2vn)
=
n3(β2 − α2)
2pii(x− y)
(
0 −v−κn enλ2,+(vn) enλ3,+(vn) 0
)
P̂+(vn)
−1n
B̂
2
×
(
I4 +O(n−3/2(x− y))
)
n−
B̂
2 P̂+(un)
(
0 uκne
−nλ2,+(un) e−nλ3,+(un) 0
)T
,
and then using (10.21),
1
n(β2 − α2)Kn
(
x
n(β2 − α2) ,
y
n(β2 − α2)
)
=
1
2pii(x− y)
(
0 −v−κn 1 0
)
× P+(vn)−1n B̂2
(
I4 +O(n−3/2(x− y))
)
n−
B̂
2 P+(un)
(
0 uκn 1 0
)T
. (12.13)
To simplify it further, we use (10.20), Proposition 10.3 and the definitions of A and B̂ in
(8.17) and (10.27), respectively, to get(
0 −v−κn 1 0
)
P+(vn)
−1 = n−ν+2κ
(
0 −y−κ(β2 − α2)κ 1 0
)
× diag
(
1,
(
f4(un)
3
)−A
Ψ+(n
3ϕ(vn))
−1
(
f4(vn)
3
)−B)
n−B̂
and
P+(un)
(
0 uκn 1 0
)T
= nν−2κnB̂
× diag
(
1,
(
f4(un)
3
)B
Ψ+(n
3ϕ(un))
(
f4(un)
3
)A)(
0 xκ(β2 − α2)−κ 1 0
)T
.
Moving forward, we now use Proposition 10.3 to obtain
f4(un)
3
= (β2 − α2) 13 +O(n−3) = f4(vn)
3
, n→∞,
and from (10.19)
n3ϕ(un) = x(1 +O(n−3)), n3ϕ(vn) = y(1 +O(n−3)), n→∞,
where the error terms above are uniform for x, y in compact subsets of (0,+∞). Combining
with the analyticity of Ψ+, we thus conclude(
0 −v−κn 1 0
)
P+(vn)
−1 = n−ν+2κ(β2 − α2) 2κ−ν3
(
0 −y−κ 1 0
)
× diag (1,Ψ+(y)−1) (β2 − α2)− B̂3 (I4 + En(vn))−1n−B̂,
where {En} is a sequence of 4× 4 matrix-valued analytic functions on D(rn) with
En(z) = O(n−3) uniformly for z ∈ D(rn) as n→∞, (12.14)
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and
P+(un)
(
0 uκn 1 0
)T
= nν−2κ(β2 − α2) ν−2κ3 nB̂(I4 + En(un))
× (β2 − α2) B̂3 diag (1,Ψ+(x))
(
0 xκ 1 0
)T
with the same error function En.
Inserting these last two identities into (12.13), we have
1
n(β2 − α2)Kn
(
x
n(β2 − α2) ,
y
n(β2 − α2)
)
=
1
2pii(x− y)
(
0 −y−κ 1 0
)
diag
(
1,Ψ+(y)
−1) (β2 − α2)− B̂3 (I4 + En(vn))−1 n− B̂2
×
(
I4 +O(n− 32 (x− y))
)
n
B̂
2 (I4 + En(un)) (β2 − α2) B̂3 diag(1,Ψ+(x))

0
xκ
1
0

=
1
2pii(x− y)
(
0 −y−κ 1 0
)
diag
(
1,Ψ+(y)
−1) (β2 − α2)− B̂3
×
(
(I4 + En(vn))−1 (I4 + En(un)) +O(n− 12 (x− y))
)
(β2 − α2) B̂3 diag(1,Ψ+(x))

0
xκ
1
0
 .
In virtue of (12.14), we can once more apply Lemma 10.8 to get that
(I4 + En(vn))−1(I4 + En(un)) = I4 +O(n−3(x− y)), as n→∞,
and we finally arrive at
1
n(β2 − α2)Kn
(
x
n(β2 − α2) ,
y
n(β2 − α2)
)
=
1
2pii(x− y)
(
0 −y−κ 1 0
)
diag
(
1,Ψ+(y)
−1) (I4 +O(n− 12 (x− y)))
× diag(1,Ψ+(x))
(
0 xκ 1 0
)T
=
1
2pii(x− y)
(
−y−κ 1 0
)
Ψ+(y)
−1Ψ+(x)
(
xκ 1 0
)T
+O(n−1/2),
where, as always, the error term is uniform for x, y in compact subsets of (0,∞). Hence, we
obtain that
lim
n→∞
1
n(β2 − α2)Kn
(
x
n(β2 − α2) ,
y
n(β2 − α2)
)
= K∞(x, y)
uniformly for x, y in compact subsets of (0,∞), where
K∞(x, y) =
1
2pii(x− y)
(
−y−κ 1 0
)
Ψ+(y)
−1Ψ+(x)

xκ
1
0
 .
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To conclude the proof of Theorem 2.4, it remains to relate K∞ with Kν,κ as in (2.19). To
do so, first observe that Ψ - and hence K∞ - does not depend on α and β, as can be seen from
the RH problem 10.4 whose conditions do not depend on α and β. Thus, it is enough to relate
K∞ with Kν,κ for one specific choice of α and β, which we take to be matching those in (1.5),
that is,
β =
1
2τ
+
1
2
, α =
1
2τ
− 1
2
, so β2 − α2 = 1
τ
,
where 0 < τ < 1 is any fixed number. For this specific coupling, our model (1.1) coincides with
the model considered by Liu [42], so comparing3 with [42, Theorem 1.3(i) and Equation (5.20)]
we arrive at
K∞(x, y) =
(y
x
)κ/2
Kν,κ(y, x).
Alternatively, the above relation can be seen from the RH characterization of the Meijer G-kernel
commented in [11, Section 4.2.5].
This completes the proof of Theorem 2.4.
Appendix A Heuristics on the vector equilibrium problem
In this section, we give some heuristic arguments on how to formulate the vector equilibrium
problem introduced in Section 2.2, which is closely related to the asymptotic analysis of the RH
problem for Y .
Recall that the goal of the second transformation X → T is to ‘normalize’ the large z
asymptotics of X and to prepare for the opening of lenses. We assume that, at this moment, it
takes the following form:
T (z) = ĈX(z) diag(enλ1(z), enλ2(z), enλ3(z), enλ4(z)), (A.1)
where Ĉ is a constant matrix and the λ-functions are of the form
λ1(z) =
∫ z
Cµ1(s) ds+ V1(z),
λ2(z) =
∫ z
Cµ2(s) ds−
∫ z
Cµ1(s) ds+ V2(z),
λ3(z) =
∫ z
Cµ3(s) ds−
∫ z
Cµ2(s) ds+ V3(z),
λ4(z) = −
∫ z
Cµ3(s) ds+ V4(z).
(A.2)
In the above formulas, Cµ(z) is the Cauchy transform of a measure µ given in (2.14), µ1, µ2
and µ3 are three measures satisfying
suppµ1 ⊂ R−, suppµ2 ⊂ R+, suppµ3 ⊂ R−, (A.3)
2|µ1| = |µ2| = 2|µ3| = 1, (A.4)
and V1, V2, V3, V4 are four functions to be determined.
As z →∞, it is readily seen from (A.1) and (5.13) that,
T (z) = (I4 +O(z−1))B(z)
× diag
(
z
n
2 en(λ1−2αz
1
2 ), z
n
2 en(λ2+2αz
1
2 ), z−
n
2 en(λ3+2βz
1
2 ), z−
n
2 en(λ4−2βz
1
2 )
)
.
3The correspondence between our parameters α = αSZ , β = βSZ and τ = τSZ and Liu’s parameters δL, αL
and µL is βSZ = αL, αSZ = δL and τSZ = βL.
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The normalization requirement then invokes us to expect that, as z →∞,
λ1(z)− 2αz 12 + 1
2
log z = o(1), λ2(z) + 2αz
1
2 +
1
2
log z = o(1),
λ3(z) + 2βz
1
2 − 1
2
log z = o(1), λ4(z)− 2βz 12 − 1
2
log z = o(1).
(A.5)
On the other hand, in view of (3.1), it follows that, as z →∞,
λ1(z) = V1(z)− 1
2
log z +O(z−1), λ2(z) = V2(z)− 1
2
log z +O(z−1),
λ3(z) = V3(z) +
1
2
log z +O(z−1), λ4(z) = V4(z) + 1
2
log z +O(z−1).
Comparing these asymptotics with (A.5), it is easily seen that we should have
V1(z) = 2αz
1
2 , V2(z) = −2αz 12 ,
V3(z) = −2βz 12 , V4(z) = 2βz 12 .
(A.6)
We next come to the jump condition satisfied by T . Taking into account (A.1), (A.3) and
(5.12), it is readily seen that
T+(x) = T−(x)JT (x), x ∈ R,
where
JT (x) = diag
(
1, en(λ2,+(x)−λ2,−(x)), en(λ3,+(x)−λ3,−(x)), 1
)
+ x
ν
2 en(λ3,+(x)−λ2,−(x))E23, x ∈ R+,
and
JT (x) = Λ diag
(
en(λ1,+(x)−λ1,−(x)), en(λ2,+(x)−λ2,−(x)), en(λ3,+(x)−λ3,−(x)), en(λ4,+(x)−λ4,−(x))
)
− en(λ1,+(x)−λ2,−(x))E21 − en(λ4,+(x)−λ3,−(x))E34, x ∈ R−,
with
Λ := diag(e−piiκσ3 , epii(ν−κ)σ3).
We now look at the non-diagonal entries of the jump matrix JT . It is expected that these
entries to be constant on the supports of the measures. Taking their real part, we arrive at the
following conditions.
• (2, 3)-entry on R+:
2Uµ2(x)− Uµ1(x)− Uµ3(x) + Re (V2(x)− V3(x)) = `2;
• (2, 1)-entry on R−:
2Uµ1(x)− Uµ2(x) + Re (V1,+(x)− V2,−(x)) = `1;
• (3, 4)-entry on R−:
2Uµ3(x)− Uµ2(x) + Re (V3,−(x)− V4,+(x)) = `3,
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where `j , j = 1, 2, 3, is certain constant. From (A.6), we thus find that the potentials Q1, Q2
and Q3 acting on the measures µ1, µ2 and µ3 should be
Q1(x) = Re (V1,+(x)− V2,−(x)) = 2α(
√
x)+ + 2α(
√
x)− = 0,
Q2(x) = Re (V2(x)− V3(x)) = 2(β − α)
√
x,
Q3(x) = Re (V3,−(x)− V4,+(x)) = −2β(
√
x)− − 2β(
√
x)+ = 0,
as shown in (2.6).
Finally, we explain the upper constraint. The fact that there is an upper constraint for
µ1 but not for µ2, µ3 is connected to the form of the jumps: the equilibrium conditions for µ1
play a role in a lower triangular block of the jump matrix, whereas for the remaining measures
the corresponding equilibrium conditions appear in an upper triangular block. In virtue of
the direction of the variational inequalities for the equilibrium problem, we thus expect that
associated to µ1 there should be an upper constraint, but no upper constraint should appear
on the remaining measures.
To find the explicit form of the constraint, again some ansatz is needed. We expect that
the functions λ′1, λ′2, λ′3 and λ′4 should all be solutions to the same algebraic equation (a.k.a.
spectral curve). From the sheet structure for the associated Riemann surface, we also expect
that λ′1 is analytic across the places where σ is active, that is, λ′1 should be analytic across
R− \ supp(σ − µ1). Hence,
λ′1,+(x)− λ′1,−(x) = 0, x ∈ R− \ supp(σ − µ1).
Using the explicit expression for λ1 (see (A.2) and (A.6)) and Plemelj’s formula (3.4), we can
rewrite the identity above as
1
2pii
(
Cµ1+ (x)− Cµ1− (x) + V ′1,+(x)− V ′1,−(x)
)
=
dµ1
dx
(x) +
α
2pii
(
(x−
1
2 )+ − (x− 12 )+
)
= 0, x ∈ R− \ supp(σ − µ1).
Taking into account that µ1 = σ on R− \ supp(σ − µ1), the identity above gives us
dσ
dx
(x) =
α
pi
√|x| , x ∈ R− \ supp(σ − µ1),
which is (2.7).
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